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THEORETICAL INVESTIGATION OF L I Q U I D  WATER 
I N J E C T I O N  INTO THE SHOCK LAYER OF A REENTRY VEHICLE 

By T. C. Del l inger  and H. A. Hassan 
North Caro l ina  S t a t e  Universi ty ,  Raleigh, N. C. 

SUMMARY 

A method is presented  f o r  the c a l c u l a t i o n  of t h e  flow f i e l d  r e s u l t i n g  
from t h e  i n j e c t i o n  of a l i q u i d  spray i n t o  a supersonic  a i r  stream p a s t  a 
b l u n t  body. The model employed assumes a two-phase flow w i t h  f rozen  chemis- 
t r y  and w i t h  simultaneous a c c e l e r a t i o n  and evaporat ion of t he  spray. The 
method gives ,  among o t h e r  th ings ,  the spray penet ra t ion .  F o r the  range of 
parameters  i nves t iga t ed ,  t h e  pene t r a t ion  inc reases  w i t h  an i n c r e a s e  i n  i n j e c -  
t i o n  speed, angle,  and drop s i z e  but i s  almost independent of the  mass flow 
rate.  Because the  spray  acts t o  s l o w  and t o  d e f l e c t  t h e  a i r  stream, t h e r e  
i s  i n i t i a l l y  a r ise i n  the  a i r  temperature; t h e  magnitude of t h i s  r ise  i s  
such that  f i n i t e  chemical r e a c t i o n  r a t e s  should be taken i n t o  cons ide ra t ion  
f o r  more accu ra t e  flow f i e l d  ca l cu la t ions .  

INTRODUCTION 

The problem of f l u i d  i n j e c t i o n  i n t o  a supersonic  stream has been under - 
i n v e s t i g a t i o n  because of i t s  importance i n  the  a r e a s  of communications (e.g. 
r e f s .  1 ,2) ,  aerodynamic c o n t r o l  systems (e.g. r e f s .  3,4) and f u e l  i n j e c t i o n  
f o r  supersonic  combustion (e.g. r e f s .  5 , 6 ) .  I n  t h i s  work, t he  i n j e c t i o n  of 
l i q u i d  water  i n t o  the  supersonic  po r t ion  of the  flow f i e l d  surrounding a 
b l u n t  body a t  t y p i c a l  r e e n t r y  condi t ions,  w i th  the  o b j e c t i v e  of  determining 
t h e  r e s u l t i n g  two-phase flow f i e l d  and the  pene t ra t ion ,  is  considered. The 
r e s u l t s  of t h i s  s tudy  have immediate a p p l i c a t i o n  i n  t h e  s tudy  of m a t e r i a l  
i n j e c t i o n  a s  a means of a l l e v i a t i n g  communications b lackout  ( r e f .  7) .  

Accurate p r e d i c t i o n  of the  f l u i d  pene t r a t ion  i s  very  d i f f i c u l t .  The 
major d i f f i c u l t i e s  being t h e  determinat ion of the  shape of t he  induced shock 
wave r e s u l t i n g  from the  o b s t r u c t i o n  o f  the  primary flow by the  emerging j e t ,  
and t h e  manner i n  which a l i q u i d  j e t  breaks up and d i s p e r s e s  i n  the  primary 
flow ( r e f .  8) .  For t h e  problem under cons idera t ion ,  i t  i s  assumed t h a t  t he  
l i q u i d  i s  i n j e c t e d  a s  a uniform spray of s p h e r i c a l  drops,  and the  drop s i z e s  
a r e  such  t h a t  f u r t h e r  breakup due to aerodynamic fo rces  is  n e g l i g i b l e .  It 
i s  a l s o  assumed t h a t  t h e  spray  is  completely porous t o  t h e  a i r  stream and no 
shock wave i s  formed as a r e s u l t  of i n j e c t i o n .  The f i r s t  assumption i s  ju s -  
t i f i e d  from the  cons ide ra t ion  t h a t ,  f o r  the  t y p i c a l  r e e n t r y  condi t ions  con- 
s i d e r e d  here ,  t h e  j e t  breaks up almost immediately. 
i s  p a r t i a l l y  j u s t i f i e d  i f  one l i m i t s  t h e  i n v e s t i g a t i o n  t o  d i l u t e  sprays.  I n  
gene ra l ,  i t  is  heli_eved t h a t  t h e  i n c l u s i o n  of  a shock wave would only modify 
r a t h e r  than a l t e r  t he  r e s u l t s  obtained us ing  the  shock-f ree  model. This i s  
expla ined  a s  follows: i f  a shock forms upstream of t h e  spray,  t he  a i r  stream 
d i r e c t i o n  near  t he  body would no t  be changed g r e a t l y  from i t s  d i r e c t i o n  

The second assumption 



without  a shock; thus,  t h e  e f f e c t s  of t he  re la t ive  v e l o c i t y  d i r e c t i o n  on 
p e n e t r a t i o n  should no t  d i f f e r  very much f o r  t h e  two cases .  Also, i n  the  
presence of  a shock the  a i r  ve loc i ty  seen  by the  sp ray  i s  reduced wh i l e  t h e  
a i r  temperature i s  increased.  The reduced a i r  v e l o c i t y  should r e s u l t  i n  a 
g r e a t e r  spray p e n e t r a t i o n  i n  a given d i s t a n c e  s i n c e  t h e  spray i s  turned  i n  
t h e  gas d i r e c t i o n  a t  a s lower r a t e ;  however, t he  h igher  a i r  temperature  has  
a counter  e f f e c t  on t h e  pene t r a t ion  s i n c e  the  evapora t ion  is  f a s t e r  and the  
r e s u l t i n g  smaller drops are more quickly en t r a ined  by t h e  a i r  stream. 

I n  t h i s  work, t h e  a n a l y s i s  t r e a t s  t h e  a i r  and spray  as a two-phase flow 
problem w i t h  simultaneous evaporation and a c c e l e r a t i o n  of t he  spray, and 
f rozen  chemistry.  
t he  s t a t i s t i c a l  approach of r e f .  9. 
equat ions,  a numerical  s o l u t i o n  needs t o  be employed. The method of i n t e g r a l  
r e l a t i o n s ,  which was introduced by Dorodnitsyn(re€ 10) i s  used and the  "one- 
s t r i p "  approximation t o  t h i s  method w a s  chosen because p a s t  experience, ( r e f .  
ll), has  shown t h a t  i t  p r e d i c t s  o v e r a l l  flow p r o p e r t i e s  (detachment d is tance ,  
s u r f a c e  p re s su re  d i s t r i b u t i o n ,  e t c . )  f a i r l y  w e l l  and because i t  i s  no t  a s  
involved as more accu ra t e  methods, ( r e f .  12). 
of t h i s  i n v e s t i g a t i o n  t h a t  t h e  one - s t r ip  approximation was no t  su i t ed ,  i n  
i t s  o r i g i n a l  form, t o  c a l c u l a t e  flow f i e l d s ,  and some modi f ica t ions  were in-  
troduced. The numerical  ca l cu la t ions  were c a r r i e d  o u t  f o r  t he  NASA RAM C 
veh ic l e ,  which i s  a s l ende r  cone with a s p h e r i c a l  nose ( f i g .  1) f o r  a v e h i c l e  
speed of 25,920 f t / s e c  a t  an a l t i t u d e  of 233,000 f t  and ze ro  angle  of a t t a c k ,  

The governing equations a r e  de r ived  i n  Appendix A u s ing  
Because of t he  type and number of t hese  

It turned o u t  dur ing  the  course  

ANALY S I S  

1. Coordinate System 

An orthogonal  c u r v i l i n e a r  body-oriented coord ina te  system which i s  
e a s i l y  adaptab le  t o  e i t h e r  two-dimensional o r  axisymmetric bodies i s  chosen 
here .  The coord ina te  system together  w i t h  p e r t i n e n t  d e f i n i t i o n s  i s  i l l u s -  
t r a t e d  i n  f i g u r e  2. 

U t i l i z i n g  t h e  v e c t o r  operat ions 

and n o t i n g  t h a t  f o r  t he  or thogonal  system under cons ide ra t ion  

2 



(4 1 
a n q z = O ,  x = O ,  h = 1 + -  h =1 ,  h = r  

S R '  n z 

t h e  dimensionless  governing d i f f e r e n t i a l  equat ions (38, 39, 41, 42, 43, 4 4 A )  
t ake  t h e  fol lowing forms when = v 2 + v 2 V = u 1 + u i * 

P s s  n n '  g s s  n n' 
c - 

Spray Cont inui ty  

Spray Momentum 

Droplet  Radius 

n n X  
ar 

+ (1 + E )  V n 2  +- (1 + - )  R r  - = 0 
@2 P 

vs as 
Gas Cont inui  t v  

I 

P 

3 



Gas Momentum 

Gas Energy 
I 

3 '3 

2. Divergence Form of t h e  Governing Equations 

Appl ica t ion  of t h e  i n t e g r a l  method r equ i r e s  t h a t  t he  governing equat ions  
be  p u t  i n t o  the  divergence form, 

aIi aci 
(13 1 T + = + K i = O  . 

A s  seen  above, some of t h e  equations,  namely ( 5 ) ,  (9)  and (12) ,  a r e  a l ready  
i n  t h i s  form. 
t h e  remaining equat ions  can be pu t  i n  divergence form, and the  s o l u t i o n  w i l l  
depend on t h e  p a r t i c u l a r  form chosen when a f i n i t e  number of s t r i p s  i s  

4 

There a re ,  however, many ways i n  which t h e s e  equat ions and 



employed, ( r e f .  13). 
func t ions  are given below. 1 

The p a r t i c u l a r  express ions  chosen f o r  t h e  I i, G. and Ki 

Spray Cont inui ty  

- n n rppX 
(1 + E )  7 i = 1, I1 - rppvs, G1 = (1 + E )  rppvn, K~ = 3 

r 
P 

’2 

Gas Cont inui ty  

L 
P 

Drople t  Radius 

n rppX 
(1 + E )  - 

’2 P 

i = 3 , I  = r p v r  G = r p v r  K = 4  ’1?5@: 
r 3 P S P ’  3 P n P ’  3 

Spray Momentum 

n 
G4 = (1 + E )  r p  v v 2 

i = 4, = r p  v 
P S ’  P s n  

i = 5 , 1  = r p v v  G = ( ~ + ~ ) r p v  n 2 
5 p s n ’  5 P n  

xvn 
- ’1’2’6 T 

P 
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n rPp ~6 = - p4pg s i n  e + 3p 8 p (1 + r- 
r p  u u 

P R 3 5 6  

n 2 = r p  u u G = (1 + - ) r ( p  u + pqpg) g s n '  7 R g n  

Gas Energy 

'3 '3 A n u c + ud UL + UL 

2 " 1  S n S 
2 " )  , G8 = (1 + - )  R r p  g U n (hg + i = 8, = r p  u (h  + 

g s  g 

3. I n t e g r a l  Form of t h e  Equations 

I n  o r d e r  t o  u t i l i z e  t h e  method of i n t e g r a l  r e l a t i o n s ,  a choice  must be 
The s imples t  choice  i s  one s t r i p  made f o r  t h e  number of s t r i p s  t o  be used. 

w i t h  t h e  I.  terms being approximated by func t ions  l i n e a r  i n  n. Although 
t h i s  approximation might seem r a t h e r  crude, a c t u a l  c a l c u l a t i o n s  us ing  t h i s  
approach are s u f f i c i e n t l y  accu ra t e  when only  information a long  the  s t r i p  
boundaries  i s  des i red ,  ( r e f .  11 ); however, r e s u l t s  p red ic t ed  us ing  t h i s  
procedure  a r e  somewhat approximate, a t  i n t e rmed ia t e  p o i n t s  ( r e f .  Be-  
c ause  t h e  t o t a l  number of equations i s  more than  doubled when i n j e c t i o n  is  
cons idered ,  t h e  a c t u a l  number of equations r equ i r ed  f o r  t h e  c a l c u l a t i o n s  can  
become q u i t e  l a r g e  when m u l t i - s t r i p  schemes a r e  employed. 

6 

1 
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Therefore,  a 



modified one - s t r ip  method which a l l o w s  f o r  more accu ra t e  flow f i e l d  ca l cu la -  
t i o n s  i s  employed. 

A schematic of t h e  flow f i e l d  t o  be analyzed h e r e  i s  shown i n  f i g u r e  3. 
The i n t e r f a c e  repre-  The i n t e r f a c e  E determines t h e  pene t r a t ion  of t h e  spray.  

= 0 and 
+ pP 

s e n t s  a d i s c o n t i n u i t y  i n  the  sp ray  dens i ty  because l i m  
n-% 

l i m  
n-k- 
gas flow. 
t i o n s  (14), (16), ( l 7 ) ,  (18) and the gas equa t ions  (l?), ( l 9 ) ,  (20) and (21) 
need t o  be considered wh i l e  i n  t h e  reg ion  between the  shock wave and i n t e r -  
f a c e  ( E  5 n 1. 6 )  only t h e  gas equations ( l5) ,  (19) and (20) need t o  be con- 
s idered .  
(16), (l7), (18), and (21 )  between 0 and E and equat ions  (l?), (19) and (20 )  
between 0 and 6 and u t i l i z i n g  L e i b n i t z ' s  ru l e ,  one f i n d s  

pp # 0; however, t h e  i n t e r f a c e  is assumed completely porous t o  t h e  

Between t h e  i n t e r f a c e  and the  body (0 < n < E ) ,  t he  spray  equa- 

Using the  given flow f i e l d  model and i n t e g r a t i n g  equat ions (14), 

6 
- G - K.dn, j = 2,6,7 d6 6 d - 1 I . d n  = I ds  js zz + Gjo js 

O J  
( 2 3 )  

where t h e  s u b s c r i p t s  0, E and 6 r ep resen t  t h e  body, i n t e r f a c e  and shock, 
r e spec t ive ly .  Equations (22) and (23)  con ta in  t h e  undefined q u a n t i t i e s  
dE/ds and d6/ds, r e spec t ive ly .  From the  geometry of t he  shock wave 
one has,  ( r e f .  12)  

d6/ds = (1 + 6 / R )  c o t  (v + 6 )  . (24 ) 

Since the  spray does n o t  p e n e t r a t e  t h e  i n t e r f a c e ,  i t  must be a s t r eaml ine  
f o r  the spray; hence, 

S ince  K j = 2,6,7 i s  discontinuous,  equat ion  (23) r e q u i r e s  f u r t h e r  

As w a s  po in ted  o u t  above, L e i b n i t z ' s  r u l e  i s  used t o  reduce 
6 

j '  
cons ide ra t ion .  

t h e  i n t e g r a l s  / (a I . /as )dn ,  j = 2,6,7. 

be cont inuous w i t h i n  0 5 n 5 6;  hence, c o n t i n u i t y  of a l l  gas p r o p e r t i e s  a t  
t h e  i n t e r f a c e  i s  assumed. 
form of t h e  governing equat ion,  one can reason t h a t  t h e  d i s c o n t i n u i t y  i n  K 

shou ld  be r e f l e c t e d  i n  t h e  ( a G , / d n ) c  terms s i n c e  t h e  (aI,/as) 
assumed continuous as r equ i r ed  by Le ibn i t z ' s  r u l e .  
r e p r e s e n t i n g  I 

E a re  assumed t o  be discont inuous.  I t  should be noted, however, t h a t ,  w i t h i n  

This s t e p  r equ i r e s  t h a t  I and aI,/as 
0 3  j J 

From a cons idera t ion  of t h e  genera l  divergence 

j E  
terms are 

J z J E 

as ~ ~ ( s , n ) ,  t he  normal d e r i v a t i v e s  of t h e  gas p r o p e r t i e s  a t  
For t h i s  reason, when 

i 

7 



* 

t h e  framework of t he  
an assumption. This 
( 2 2 )  and (23 )  r a t h e r  

method of i n t e g r a l  r e l a t i o n s ,  one needsnot invoke such 
follows because t h e  governing equat ions a r e  equat ions 
than the  divergence form equations,  and equat ion (23 )  

i s  v a l i d  even when the  in tegrand  (aG./an) i s  discont inuous a t  a f i n i t e  

number of po in t s  between 0 5 n i 6. The assumption of discont inuous der iva-  
t i v e s  f o r  t he  gas p rope r t i e s  a t  E i s  employed he re  because i t  i s  be l ieved  t o  
be more r e p r e s e n t a t i v e  of t he  ac tua l  s i t u a t i o n .  

J 

4. F l u x  Approximations 

A s  can be seen  from the  divergence form of the  governing equat ions,  t he  
q u a n t i t i e s  I ( j  = 2,6,7)  a r e  products  of t he  spray  

and gas p rope r t i e s ,  r e spec t ive ly .  These products,  which we w i l l  h e r e a f t e r  
r e f e r  t o  a s  t he  f luxes ,  appear a s  integrands i n  the  i n t e g r a l  r e l a t i o n s  (22 )  
and (23) .  
f l uxes  must be spec i f i ed .  I n  the  one-s t r ip  approximation, i t  i s  usua l ly  
assumed t h a t  t he  f luxes  vary l i n e a r l y  between the  s t r i p  boundaries ( r e f .  12 ) .  
I n  t h i s  work, such an assumption i s  re laxed  and the  var ious  f l u x e s  a r e  
approximated a s  follows. 

(i = 1,3,4,5,8) and I 
i j. 

I n  order  t o  eva lua te  these i n t e g r a l s ,  t he  n - v a r i a t i o n  of t h e  

For the  range 0 5 n 5 E, we assume t h a t  

where f .  ( w )  i s  some polynomial, not n e c e s s a r i l y  l i n e a r .  

seek approximations of t h e  form 

For 0 - -  < n < 6, w e  
1 

However, t he  normal d e r i v a t i v e s  of t h e  gas p r o p e r t i e s  a t  E a r e  pos tu l a t ed  a s  
being discont inuous so  t h a t  the  expressions (27 ) a r e  replaced,  

f o r  - < z < 1, by 6 -  - 
E 

I = I + (Ijs-Ijo) & f j  ( 2 )  
j j o  

f (I) = 1, j = 2,6,7 S j  
and f o r  0 < z < E/&, by - -  

The c o n d i t i o n  on € f (E /8 )  given i n  ( 2 9 )  fol lows from the  f a c t  t h a t  

8 
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c 

. 
I .  ( j  = 2 ,6 ,7 )  i s  assumed continuous a t  E .  Here, a l so ,  f.(z) and f . k )  

are  polynomials, no t  n e c e s s a r i l y  l i nea r .  J € 3  6 3  

Using the  preceding approximations (26 ) )  
t he  f luxes  i n  equat ions (22 )  and ( 2 3 )  can be evaluated,  g iv ing  

( 2 8 )  and (29) ,  t he  i n t e g r a l s  
o f 

and 

1 
(31 1 f . (z )dz  + ./ f . ( z ) d z ,  j = 2,6,7 

1 4 6  
= ./ f j ( z ) d z  = / 

q j  0 E J  €/6 

For equat ion (30) w e  de f ine  the gene ra l  dependent va r i ab le ,  ti ,  given 
by 

For equat ions  j = 2,6 of equat ion  (31), w e  d e f i n e  t h e  dependent v a r i a b l e  

5 .  J = I j o  + ( I ~ ~ - I ~ ~ ) ~ ~ ,  j = 2,6 (34 1 

where 

Equat ion j = 7 i s  a s p e c i a l  ca se  of equat ions  (34) and (35) above i n  which 
I = 0 because u = 0. It w i l l  be  assumed t h a t  q = cons tan t  and f o r  j = 7 
w e  d e f i n e  

7 70 no 

9 



t 

and we o b t a i n  

The assumption t h a t  q 
condi t ions .  

= cons tan t  i s  d i scussed  i n  t h e  s e c t i o n  on boundary 
7 

The above expressions (33), ( 3 5 )  and (37) a r e  a s e t  of o rd ina ry  d i f -  
f e r e n t i a l  equat ions which may be in t eg ra t ed  numerical ly  f o r  given i n i t i a l  
and boundary condi t ions .  Such condi t ions  are d iscussed  i n  the  fol lowing 
s e c t i o n s .  

5. Modif icat ions of the  One-Strip Approximation 

I n  the  preceding sec t ions ,  t h e  o n e - s t r i p  approximation was app l i ed  t o  
A s  a r e s u l t ,  an approximate set  of the  governing gas and spray equations.  

governing d i f f e r e n t i a l  equat ions was obta ined .  The dependent v a r i a b l e s  E 
a r e  given i n  terms of the  f lux  values  on the  s t r i p  boundaries and the  i n t e -  
g r a l s  of t h e  assumed d i s t r i b u t i o n s  between t h e  s t r i p  boundaries.  When one 
s t r i p  i s  used, t h e  usua l  procedure is t o  assume t h a t  t he  d i s t r i b u t i o n s  a r e  
l i n e a r  and t o  impose boundary condi t ions  on the  p r o p e r t i e s  a long one of t h e  
two boundaries.  The o rd ina ry  d i f f e r e n t i a l  equat ion s o l u t i o n s  can then  be 
used t o  determine the  unknown p rope r t i e s  a long the  remaining boundary. Such 
boundary p r o p e r t i e s  a r e  gene ra l ly  accurate ,  bu t  the  flow f i e l d  va lues  a r e  
u s u a l l y  not  accura te .  I n  theory,  t h i s  problem can  be overcome by inc reas ing  
the  number of s t r i p s .  However, i f  t he  o n e - s t r i p  formulat ion is  t o  be used 
and more accu ra t e  f low-f ie ld  p rope r t i e s  a r e  des i red ,  an a l t e r n a t i v e  approach 
t o  t h e  u s u a l  o n e - s t r i p  i n t e g r a l  method must be used. 

One p o s s i b l e  procedure i s  n o t  t o  assume l i n e a r  d i s t r i b u t i o n s  and t o  
o b t a i n  a d d i t i o n a l  condi t ions  which w i l l  a l low one t o  a d j u s t  t h e  d i s t r i b u t i o n s  
f ( o r  q )  as the  c a l c u l a t i o n  proceeds. 
a r i e s  can be obtained by u t i l i z i n g  t h e  exac t  governing d i f f e r e n t i a l  equa- 
t i o n s ;  t h a t  is, by t ak ing  the l i m i t  o f  equat ion (13) as  n approaches 0 o r  E.  

Condi t ions  generated by t h i s  procedure r e s u l t  i n  t o t a l  d i f f e r e n t i a l  equat ions 
which, when combined wi th  equat ions (30) and (3 l ) ,  g ive  s u f f i c i e n t  informa- 
t i o n  t o  change f o r  q.  

Addi t iona l  condi t ions  a t  t h e  bound- 

BOUNDARY CONDITIONS 

1. Gas 

Since t h e  gas dependent v a r i a b l e s  a r e  given by the  equat ions  [(32), 
j = 8 ] >  [(34), j = 2,6] and [ ( 3 6 ) ,  j = 71, va lues  f o r  t h e  f luxes  1; ( j  = 2,6, 
7,8) are d e s i r e d  along t h e  shock, i n t e r f a c e  and body. J 

10 



a. Shock 

The d e s i r e d  shock condi t ions  a re  those  corresponding t o  the  passage of 
a thermally p e r f e c t ,  c a l o r i c a l l y  imperfect  gas of cons t an t  chemical composi- 
t i o n  through a l o c a l l y  s t r a i g h t  obl ique shock wave. For  given f r e e  stream 
condi t ions  and e i t h e r  one proper ty  behind t h e  shock o r  t h e  shock wave angle ,  
v, t h e  remaining p r o p e r t i e s  behind the shock can be determined from t h e  
Rankine-Hugoniot equat ions.  
u s ing  u = 0 and assuming q constant  l eads  t o  a d i f f e r e n t i a l  equat ion  f o r  

I 

equat ion  (24), l eads  t o  two non-l inear  a lgeb ra i c  equat ions  f o r  v and T 

These two equat ions can be solved simultaneously by an i t e r a t ive  procedure.  
Once va lues  of v and T 

As shown i n  t h e  d e r i v a t i v e  of equat ion  (37 ), 

This equation, when coupled with t h e  Rankine-Hugoniot equat ions and 
no 7 

78' 

@' 

a r e  known, t h e  remaining shock p r o p e r t i e s  can be 
ca l cu la t ed .  g6 

b. I n t e r f a c e  

Cont inui ty  of a l l  gas p rope r t i e s  i s  r equ i r ed  a t  t h e  i n t e r f a c e ,  b u t  t h e  
normal d e r i v a t i v e s  of t hese  p rope r t i e s  are assumed discont inuous.  I n  addi-  
t i on ,  a cond i t ion  on I i s  obtained s i n c e  I = I H, where H i s  the  t o t a l  8~ 8~ 2~ 
entha lpy  of t h e  gas and is  cons t an t  f o r  n > E. - 

c. Body 

The boundary cond i t ion  u = 0 g ives  I a r e s u l t  which has been used 
no 70' 

i n  d e r i v i n g  equat ion  (39). 
I 

(&. /as)  + (aG./an)  + K 

equat ions  [ (26), j = 81 and [ (29), j = 2,6] g ives  

I n  order t o  o b t a i n  va lues  f o r  t he  gas p r o p e r t i e s  
( j  = 2,6,8), w e  cons ider  the  exact equat ion f o r  t h e  p rope r t i e s ,  i . e . ,  

j o  
= 0. Taking the  l i m i t  a s  n -> 0 and u t i l i z i n g  

J J j 

n n 
G .  = (1 + -)  I - , so t h a t  However, 

J R j us 

S ince  u = I /I w e  have n 7 2' 

11 



Thus, w e  o b t a i n  the  fol lowing condi t ion  which must be s a t i s f i e d  by the  gas 
p r o p e r t i e s  a t  t he  body: 

j = 2,6,8 . d I  . I 
J o  = -K - 

ds j o  u I so 20 

Values f o r  (a1 /an), = 5 (a f  /an), a r e  dependent upon the  polynomial approxi- 

mation chosen f o r  f 
7 7 7  

7' 

d. Polynomial Approximat ions  

Simultaneous s o l u t i o n  of t he  d i f f e r e n t i a l  equat ions ( 3 5 ) ,  (37) and (41) 
y i e l d s  va lues  f o r  I ( j  = 2,6,8), I ( j  = 2,6,7)  and 5 ( j  = 2,6). From 

these  one can c a l c u l a t e  t he  va lues  f o r  q 
j o  jS j 

and q6 s i n c e  2 

The ques t ion  arises as how t o  s e l e c t  f f and f s o  as t o  s a t i s f y  equat ion 

(42)  f o r  q2, 46 and the  assumed value of q Since the  s o l u t i o n  of t he  

gene ra l  problem i s  s t a r t e d  a t  a po in t  where t h e  d i s t r i b u t i o n  of t h e  gas 
p r o p e r t i e s  i n  the  shock l a y e r  is  assumed known, the  d i s t r i b u t i o n s  f 

and q are  completely de- and f and the  corresponding i n t e g r a l s  q 

termined i n i t i a l l y .  
ob ta ined  by assuming the  fol lowing polynomial approximations: 

2' 6 7 
7' 

2' f 6  

2' q6 7 7 
A c l o s e  approximation t o  the  i n i t i a l  d a t a  ( r e f .  1 4 )  was 

f . ( z )  = z [ a  ( z 4 - l )  + a . ( z3 - l )  + a (z2-1) + a . ( z - 1 )  + 1 3 ,  j = 2,6 
J I j  23 3j  43 

(43 1 
and 

(44) + a b 7 ( z ' - 1 )  L + a (z  5 -1) + 11 . 
77 

The c o e f f i c i e n t s  a are known constants ,  and t h e  express ion  f o r  f r e s u l t s  

from t a k i n g  u = d u n & ,  z = n/b. 
i j  7 

n 
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Downstream of t h e  i n i t i a l  l i ne ,  the  d i s t r i b u t i o n s  are  as follows: 
Due t o  the  pos tu l a t ed  d i s c o n t i n u i t y  i n  the  s lopes  of t he  gas p r o p e r t i e s  
a t  t he  i n t e r f a c e ,  w e  take  

f . ( z )  = f . ( z )  , € / 8  < z < 1 

f . ( z )  = f . ( z )  , 0 < z < E / 8  

- -  J 8 3  
j = 2,6,7 

- -  J E J  

(45 1 

where f . ( E / 8 )  = f . ( c / 8 ) .  For the reg ion  ~ / 8  < z < 1, the  form of t h e  

d i s t r i b u t i o n s  f .  ( j  = 2 ,6 ,7 )  is  taken t o  be the  form used f o r  t he  i n i t i a l  

l i n e  d i s t r i b u t i o n s ,  equat ions (43)  and (44) .  
assume t h a t  t he  d i s t r i b u t i o n s  a r e  l i n e a r  i n  z ,  so t h a t  

- -  6 3  E J  

8 3  
For t h e  reg ion  0 < z < E/&, w e  - -  

f . ( z )  = f . ( ~ / 8 ) [ ~ / ( ~ / 8 ) ]  j = 2,6,7 . 
E J  6 3  

1 
Recal l ing  t h a t  q i s  def ined  as q = J f j ( z ) d z ,  one f inds  

j j o  
1 1 

f . ( z ) d z  + 1 f . ( z ) d z  = (~/28) f ( ~ / 6 )  + J & f j ( z ) d z  . 4 8  

4 - j  
8 j  = /  

‘j E J  € / 8  
(47 ) 

Thus, equat ion  (47)  r ep resen t s  t h e  r e l a t i o n  which the  c o e f f i c i e n t s  a must 

s a t i s f y  so t h a t  t he  r e s u l t i n g  q ‘s co inc ide  wi th  va lues  obta ined  from equa- 

t i o n  ( 4 2 )  and q 

t h e r e  i s  no unique way of s e l e c t i n g  these  c o e f f i c i e n t s ,  i t  w a s  assumed t h a t  
f o r  each j ,  ( j  = 2,6,7) ,  a l l  bu t  one of t he  c o e f f i c i e n t s  a remained 

cons t an t .  The v a r i a b l e  c o e f f i c i e n t  w a s  determined from equat ion (47)  by 
u t i l i z i n g  equat ion (42 )  and the  known va lue  of q 

i j  

j 
which i s  assumed cons tan t  a t  i t s  i n i t i a l  value.  Since 

7’ 

i j  

7’ 
Because t h e  d i s t r i b u t i o n s  f f and f were taken a s  l i n e a r  func- 

~ 2 ’ ~ 6  E 7  
t i o n s  a s imi la r  v a r i a t i o n  was assumed f o r  f8, i .e.,  

f8(W) = w = Z / ( E / & )  . (48 1 
Values f o r  I 

i n t e r f a c e  a r e  given by 18€ = 12€ H. 

of equat ion  (48)  means t h a t  t he  gas energy f 1 u x 
i n  t h e  reg ion  0 < n < E ,  s i n c e  

a r e  c a l c u l a t e d  from equat ion (41 )  and the  f l u x  va lues  a t  t h e ,  80 
In t roducing  the  l i n e a r  approximation 

i s  completely determined 

- -  

A s  i s  seen  from t h e  above, I 

j = 8. 
and u t i l i z e  equat ion (33) t o  change the  d i s t r i b u t i o n .  

i s  ca lcu la ted  without  us ing  equat ion (33) f o r  8 
This sugges ts  t h a t  one can  choose f 8 ( w )  as a h igher  degree polynomial 

This procedure was 



employed f i r s t  bu t  was l a t e r  abandoned because i t  r e s u l t e d  i n  numerical 
i n s t a b i l i t i e s .  

The above gas model i s  a so-ca l led  "hybrid" because both equat ions (33) 
and (41 )  a r e  employed i n  c a l c u l a t i n g  the  flow p rope r t i e s .  

2. Spray 

The spray  dependent v a r i a b l e s  a r e  governed by equat ions [ (32), i = l ,3,  
4,5], and va lues  f o r  t h e  f luxes  I 
and t h e  i n t e r f a c e .  

(i  = 1,3,4,5) are d e s i r e d  along the  body i 

The boundary condi t ions  depend upon the  manner i n  which t h e  spray  i s  
i n j e c t e d .  I n  t h i s  work, it was des i red  t o  i n v e s t i g a t e  the  case  of d i s c r e t e  
i n j e c t i o n ;  t h a t  is ,  i n j e c t i o n  over a f i n i t e  d i s t a n c e  along the  body followed 
by a reg ion  i n  which no i n j e c t i o n  occurs.  The fol lowing i n j e c t i o n  model was 
used: 

F i r s t ,  a uniform i n j e c t i o n  region occurs  in which t h e  spray  i s  i n j e c t e d  
a t  ass igned  cons t an t  p r o p e r t i e s  which are  independent of body loca t ion .  This 
r eg ion  i s  followed by a narrow t r a n s i t i o n  reg ion  i n  which t h e  normal component 
of t h e  v e l o c i t y  i s  decreased t o  zero whi le  keeping the  magnitude of the  
v e l o c i t y  and the  o t h e r  i n j e c t i o n  p r o p e r t i e s  cons tan t .  A value  of ze ro  f o r  
t he  normal component of t h e  spray v e l o c i t y  a t  t he  body c h a r a c t e r i z e s  t h e  con- 
d i t i o n  of no i n j e c t i o n .  

In t he  preceding model, t he  meaning of the  l a s t  r eg ion  i s  obvious; how- 
ever ,  t h e  o t h e r  two reg ions  deserve  comment. In  the  uniform i n j e c t i o n  region,  
t h e  cho ice  of cons t an t  p r o p e r t i e s  was made f o r  reasons of convenience only,  
and t h e  method presented  i n  t h e  following s e c t i o n s  can be app l i ed  t o  any 
o t h e r  choice  of i n j e c t i o n  parameters. The t r a n s i t i o n  reg ion  serves  the  pur- 
pose of t u rn ing  the  i n j e c t e d  spray during the  f i n a l  s t a g e s  of i n j e c t i o n  s o  
t h a t  t h e  spray  flows p a r a l l e l  t o  the body when i n j e c t i o n  ceases .  The reasons 
f o r  i nc lud ing  a t r a n s i t i o n  i n j e c t i o n  r eg ion  a r e  as  follows: A s  i s  shown i n  
f i g u r e  4, i t  i s  suspected t h a t  when an  i n j e c t i o n  reg ion  i s  immediately f o l -  
lowed by a reg ion  of no i n j e c t i o n ,  the spray sepa ra t e s  from t h e  w a l l  b u t  
r e a t t a c h e s  a s h o r t  d i s t a n c e  downstream. Af te r  reat tachment ,  t he  spray a t  
t h e  body i s  cha rac t e r i zed  by the  condi t ion  t h a t  t he  normal component of t he  
v e l o c i t y  i s  zero; i .e. ,  v = 0. Because the  gas and spray  equat ions de- 

veloped i n  t h i s  work do no t  account f o r  any viscous e f f e c t s ,  an i n j e c t i o n  
model was chosen t h a t  included a region i n  which the  spray  i n j e c t i o n  angle  
could  be turned i n  a continuous manner from i t s  uniform i n j e c t i o n  va lue  t o  
a v a l u e  p a r a l l e l  t o  t h e  body some d i s t ance  downstream. 

no 

Boundary condi t ions  on the  spray p r o p e r t i e s  a r e  given below f o r  the  

0 - - 1" 1 -  - LC 
uniform i n j e c t i o n  (a  < s <: s t r a n s i t i o n  ( s  < s < sn) ;  and no i n j e c t i o n  

(s  > s ) reg ions .  2 - 
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a.  Uniform I n j e c t i o n  Region 

For t h i s  region,  the  f lux  values  a t  t he  body a r e  assumed given, and the  
spray p r o p e r t i e s  ( p  r V ) a r e  assumed independent of body loca t ion .  

Since the  p r o p e r t i e s  a t  i n j e c t i o n  a re  used as normalizing f a c t o r s ,  t h e  in -  
j e c t i o n  process  i s  cha rac t e r i zed  by the dimensionless  v a r i a b l e s  

P, P' P 

The ang le  of i n j e c t i o n  wi th  respec t  t o  t h e  body i s  a l s o  cons t an t  and i s  
def ined  by 

V 

V 
- -  no - t a n  a 

s o  

s o  t h a t  

(51) v = c o t  a = cons tan t  . 
so 

From t h e  above i t  follows t h a t  t he  f lux  v a r i a t i o n s  along the  body f o r  the  
spray a r e  given by 

where Iio/ro = cons tan t  and s i n  0 = d r  /ds = cons tan t ,  the  l a t t e r  cond i t ion  

r e s u l t s  from the  f a c t  t h a t  t h e  body r ad ius  of cu rva tu re  i s  i n f i n i t e  through- 
ou t  t h e  reg ion  s > s f o r  t he  RAM C v e h i c l e  considered i n  t h i s  work. 

0 

0 - 

The boundary condi t ions ,  equations (52) ,  when combined wi th  the  l i m i t i n g  

Thus, the  l i m i t  a s  n -> 0 of  equa- 
form of  the  governing equat ions lead t o  some condi t ions  t h a t  must be s a t i s -  
f i e d  by the  d i s t r i b u t i o n  func t ions  f 
t i o n  (13) y i e l d s  

i' 

Using G = 1.1 

t h e  fol lowing r e s u l t  i s  obtained:  

I4 and equat ions (26), ( 3 2 )  and ( 5 2 )  i n  the  above equat ion,  
i 14 

) (54) 50 K40 Kio s i n  8 
)(T- - - - - - - r 

K 
i i o  - '40 E 

f' af 1 

q i  = 0 qi s i  50 '40 'io 0 
'io I ( - (  ) = - -  

- - Lo 
E 

i = 1?3,4,5 . 
The above cond i t ion  on f . ( w )  represents  a t h i r d  cond i t ion  t o  be used wi th  

t h e  two cond i t ions  of equat ion  (26);  i.e., f . ( O )  = 0 and f i ( l )  = 1. 
1 

These 
1 



t h r e e  condi t ions  make i t  p o s s i b l e  t o  choose second o rde r  polynomials f o r  t he  
func t ions  fi(w), i = 1,3,4,5 as follows: 

When f f o  < 1, w e  take - 
f i (w)  = a.w + ( I - a . )  w 2 

1 1 

where 

and whenever f '  > 1, we t ake  i o  

f i ( w )  = T  1 [-bi + 
2 bi + 4(1  + b . )  w 3 

1 

(55) 

(57 1 

where 

b.  = 1 [-B + j G ] ,  bi > 0 1 2  

A B =  

f '  i o  

'i 
4 - - 1 2  

f '  
6 i o  3 - -  

'i 

, 2 

i o  2 - -  
q i  

f '  c =  

Expression ( 5 7 )  has the  proper ty  tha t  qi -> 2/3 as f '  -> 00. i o  

b. T r a n s i t i o n  Region 

This reg ion  i s  intended as a reg ion  of t r a n s i t i o n  between t h e  uniform 
i n j e c t i o n  reg ion  where v 

v = 0. I n  t h i s  r eg ion  i t  i s  assumed t h a t  

= 1 and t h e  no - in j ec t ion  reg ion  cha rac t e r i zed  by no 

no 

= r = 1, V = cons tan t  
pPo P O  P O  

and 

2 
j + 2 /  /s-sl 

no =l-%-- 2-9 

(59 1 

where v s a t i s f i e s  t he  fol lowing condi t ions :  
no 
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s = sl: v no = 1, dv /ds = 0 

s = s2:  v no = 0, dv /ds = 0 . 
no 

no 

Since t h e  i n j e c t i o n  is  assumed t o  occur a t  t h e  cons t an t  v e l o c i t y  of t h e  uni-  
form i n j e c t i o n  region, the  t angen t i a l  i n j e c t i o n  v e l o c i t y  i s  given by 

2 2 
so  PO no v = v2 - v  

The f l u x  v a r i a t i o n s  along the  body a r e  then given by 

+ v s i n  0 
so o ds 

- - -  
ds ds 

d1 10 dv 
so + v  - d140 - -..- 

ds I10 ds s o  ds  

dl10 + v  - d I  50 = dVno 
ds I10 ds no ds  

I n  t h e  uniform i n j e c t i o n  region,  equat ions ( 5 2 )  no dVno where - - - - - 

and (53) were combined t o  o b t a i n  condi t ions on t h e  f l u x  d i s t r i b u t i o n s  of t he  
spray,  f i .  

which seems t o  i n d i c a t e  t h a t  a similar procedure f o r  ob ta in ing  condi t ions  on 
t h e  f .  could be followed f o r  t h i s  region a s  f o r  the uniform i n j e c t i o n  region. 

However, t he  i = 5 equat ion of  the  s e t  (53) i s  s a t i s f i e d  i d e n t i c a l l y  when 
v -> 0 s o  t h a t  t h e  condi t ions  obtained f o r  t h e  f are s i n g u l a r  a t  t h a t  

po in t .  

V dVso - 
ds  v ds * 

so 

Here, the  s e t  of equations (63) corresponds t o  the  s e t  ( 5 2 ) ,  

1 

no i 

Ins tead ,  we cons ider  equat ion (13) a s  before ,  bu t  t ake  the  l i m i t  a s  
n -> E ,  which leads  t o  

where the  above r e s u l t  i s  obtained us ing  I = Zio + (IiE - fi .  Using 

equa t ion  (32 ), the  fol lowing expression f o r  d I .  /ds r e s u l t s :  
i 

1 E  



S u b s t i t u t i n g  i n  (64) f o r  d I .  /ds and r e c a l l i n g  t h a t  Gi = IiI I g ives  
1 E  4 4  

5 .  

Since the  d e r i v a t i v e s  dc/ds, dEi/ds and d I .  /ds can be c a l c u l a t e d  from 

equat ions ( 2 5 ) ,  (33) and (63) respec t ive ly ,  equat ion  (66) can be used t o  
c a l c u l a t e  q and provides  the  des i red  cond i t ion  on f i n  t he  t r a n s i t i o n  

region.  
a r e  now given by 

10 

i i 
The d i s t r i b u t i o n s  (55) and ( 5 7 )  a r e  aga in  used, bu t  t h e  c o e f f i c i e n t s  

4-64, 

41 
a = 69, - 2 and bi - - . 
i 

c. No-inject ion Region 

This  r eg ion  i s  cha rac t e r i zed  by v = 0 throughout.  This condi t ion  no 
a lone  does no t  g ive  enough information t o  determine t h e  flow f i e l d  completely.  
Addi t iona l  boundary condi t ions  can be obta ined  by us ing  the  l i m i t i n g  form of 
t h e  equat ions  a t  0 and E .  When these equat ions  are  used i n  conjunct ion  w i t h  
equat ion  (3O), one can  c a l c u l a t e  the f luxes  a t  bo th  boundaries and t h e  
changes i n  the  d i s t r i b u t i o n  funct ions.  However, based on the  numerical  re- 
s u l t s  ob ta ined  by such a procedure, i t  was concluded t h a t  such a combination 
of equat ions  i s  not  compatible.  

To proceed f u r t h e r  one has two choices:  t o  assume enough va lues  a t  
t h e  boundaries s o  t h a t  t h e  schemes used i n  t h e  i n j e c t i o n  reg ion  can  be em- 
ployed, o r  t o  assume qi = cons tan t .  Since p r o p e r t i e s  a t  t h e  body a r e  p a r t  

of t h e  d e s i r e d  information,  t he  l a t t e r  assumption i s  used. 
one can u s e  equat ions ( 5 3 )  and (64) o r  equat ions (53) and ( 3 0 ) .  The f i r s t  
s e t  of equat ions i s  more convenient and is  employed. 

I n  t h i s  case, 

I n  t h e  no - in j ec t ion  region, equat ion (53 ) becomes 

- + -  dlio + K~~ = o , i = 1,3,4 . 
ds 

Due t o  t h e  in f luence  of t he  I d i s t r i b u t i o n ,  i t  was f e l t  t h a t  t h e  assumption 5 
= cons tan t  was h ighly  r e s t r i c t i v e .  A procedure whereby such an assumption 

q5 
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. 
can  be re laxed  is  obtained from the  following cons idera t ion .  Since the  in -  
j e c t i o n  i n  the  preceding t r a n s i t i o n  region t u r n s  t h e  spray  p a r a l l e l  t o  t h e  
body, i t  i s  assumed t h a t  i n  t h e  no- in jec t ion  r eg ion  the  spray  and gas r a p i d l y  
a d j u s t  t o  the  condi t ion  

where the  s u p e r s c r i p t  ba r s  denote  dimensional v a r i a b l e s .  The dimensionless 
form of (69) i s  

au 1 av 
( n ,  = - (  " )  . 
= o  82 = o  

A s  an approximation, t h i s  cond i t ion  i s  imposed a t  the  very  beginning of t he  
no - in j ec t ion  region. Thus, s i n c e  

I f '  
5 E  50 & 

( "1 = 
= 0  IIOE 

i t  fol lows t h a t  t he  express ion  

when combined wi th  t h e  cond i t ions  f ( 0 )  = 0 and f (1) = 1 can be used t o  

determine the  f d i s t r i b u t i o n  throughout t he  no - in j ec t ion  region.  A s  before ,  

e i t h e r  equat ion (55) o r  (57) determines f 

5 5 

5- 
5 

I N I T I A L  CONDITIONS 

The s o l u t i o n  i s  s t a r t e d  a t  the beginning of t he  i n j e c t i o n  region.  
R e f e r r i n g  t o  f i g u r e  2, t h i s  l oca t ion  corresponds t o  the  va lues  X = 18.532 cm, 
s = 27.292 cm and ro = 15.951 cm. 

s p r a y  a r e  requi red  a t  t h i s  po in t .  

I n i t i a l  condi t ions  f o r  t he  gas ( a i r )  and 

1. Gas 

The i n j e c t i o n  l o c a t i o n  given above i s  w i t h i n  the  supersonic  p o r t i o n  of 
t h e  flow f i e l d .  The flow parameters a iong t h i s  i n i t i a l  l i n e  (iiom,al t~ the 
body)  are assumed t o  have t h e  same values  a s  those  c a l c u l a t e d  a t  t h i s  loca- 
t i o n  wi thout  i n j e c t i o n .  
of i n v i s c i d ,  s t reamtube method c a l c u l a t i o n s  performed a t  t he  NASA Langley 

The i n i t i a l  va lues  were obta ined  from t h e  r e s u l t s  



Research Center f o r  t he  RAM C veh ic l e  ( r e f .  14 ) .  
cluded non-equilibrium chemistry along t h e  s t reaml ines .  
f l y i n g  a t  ze ro  angle  of a t t a c k  a t  233,000 f t  and wi th  f r e e  stream cond i t ions  
of T = 25,920 f t / s e c ,  t he  flow f i e l d  re- 

These c a l c u l a t i o n s  in -  
For the  RAM C v e h i c l e  

= 2O5OK,  p,= 5-042x10-5 ATM, V 
a3 00 

s u l t s  are  t abu la t ed  i n  Table 1. 
The normal component u of  t he  gas v e l o c i t y  V was approximated by 

u = z u and the  va lues  of u were c a l c u l a t e d  from the  given va lues  of 

V us ing  the  r e l a t i o n  V = u + u 

The i n i t i a l  shock wave angle  i s  v = 63.236O. 
n g 3 

2 2 2  n n6’ 

g g s  n’ 

S 

2. Spray 

A t  t he  i n i t i a l  l i n e  E = 0, and t o  s tar t  t h e  c a l c u l a t i o n  i t  was assumed 
dc 

0’ ds  t h a t  a t  s = s - = t an  4 .  

RESULTS AND DISCUSSION 

A four th-order  Runge-Kutta scheme was used i n  i n t e g r a t i n g  the  governing 
equat ions and the  computations were c a r r i e d  out  on an IBM SYSTEM 3 6 0 / ~ 0 ~  75 
e l e c t r o n i c  computer. The i n t e g r a t i o n  s t e p - s i z e  a t  any s t a g e  of t h e  ca l cu la -  
t i o n  w a s  au tomat ica l ly  s e l e c t e d  t o  s a t i s f y  a pre-determined accuracy c r i t e r -  
ion.  

A paramet r ic  s tudy  w a s  carried o u t  t o  determine the  e f f e c t s  of t h e  in -  
j e c t i o n  v e l o c i t y ,  mass flow rate  and drop s i z e ,  on t h e  flow f i e l d .  The 
independent parameters obtained from t h e  governing equat ions are  t h e  dimen- 
s i o n l e s s  cons t an t s  f3 f3 ( see  Appendix A ) .  Addi t iona l  parameters are t h e  

i n j e c t e d  mass flow r a t e  and the  i n j e c t i o n  angle  @. 1 -  7 

The m a s s  flow r a t e  over t he  i n j e c t i o n  d i s t a n c e  s - s i s  given by 
2 0  

where t h e  s u p e r s c r i p t  bar  denotes a dimensional quant i ty .  The i n j e c t i o n  
l eng th  s2  - s inc ludes  the uniform i n j e c t i o n  r eg ion  s < s < s and t h e  

t r a n s i t i o n  i n j e c t i o n  reg ion  s < s < s A normalized mass flow r a t e  i s  - -  1 -  - 2- 
def ined  as h = Ih /A Here, $ = V JI DN/4 is the  f r e e  stream gas 

flow r a t e  through the  r e fe rence  a rea  JI D /4, where D 

d iameter .  Combining t h e  expressions f o r  & and & one ob ta ins  

0 0 -  - 1 

2 
P g’ g gm 

2 
N i s  the  body nose N - - 

P g ’ 
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2 S 

i-l = 88 B J ‘oPpoVno ds . 
0 

2 3 s  

Using equat ions (49), (59) and (60) f o r  t h e  v a r i a t i o n  of t h e  i n j e c t i o n  
p r o p e r t i e s  p and v the  above i n t e g r a l  can be evaluated.  With good 

approximation, t h i s  r e s u l t  can be expressed as 
P O  no’ 

- -s  ) /2  so  t h a t  by de f in ing  the  2 - 9  - (sl 0 
In  the  computation, w e  have used s 

i n j e c t i o n  length  A = s - s  2 0’ 
one obta ins  f o r  (77) 

M * 2 - 20 p p A [ro(so) + n - s i n  01 . 
3 2 3  3 

Hence, t h e  i n j e c t e d  mass flow r a t e  i s  cha rac t e r i zed  by the  i n j e c t i o n  length  
parameter A and t h e  product p @ 

2 3‘ 
The in f luence  of some of t h e  dimensionless parameters was not  i n v e s t i -  

gated i n  t h i s  s tudy;  thus,  p,, (3 f3 and (3 w e r e  chosen as p = .6723.10- 4 , 4’ 5 7 1 

p4 = .9463*10-~, p = .209.10-3, B = 1.137. 
obta ined  using the  cons t an t  i n j e c t i o n  l eng th  A = .O3 .  
B2, p3, p6 and @ were determined from t h e  values  chosen f o r  t he  i n j e c t i o n  

speed, angle,  mass flow r a t e  and drop s i z e .  The c a l c u l a t i o n s  were c a r r i e d  out  
f o r  t h e  following parameters: (speed) = 3 9 , 7 0 0  cm/sec; ( i n i t i a l  angle)  

t a n  @ = 1, 3; (mass flow r a t e )  p f3 = 1/2, 1, 3/2; (drop s i z e )  r = 75, 100, 

125 p. = 350 cm/sec, 

In  add i t ion ,  t h e  r e s u l t s  were 
5 7 

The remaining parameters 

P 

2 3  P 
The r e s u l t s  shown i n  f igu res  8-12 a r e  f o r  p f5 = 1, 0 

r = 1001-1 and t an  @ = 3. 2 3  P 
P 

F igu re  5 shows a p l o t  of  t h e  r a t i o  of t he  shock l a y e r  th ickness  wi th  
i n j e c t i o n  t o  t h a t  without  i n j e c t i o n .  
i n v e s t i g a t e d ,  shows t h a t  t he  inf luence  of i n j e c t i o n  is smal l  on the  shock 
l a y e r  th ickness .  Thus, f i g u r e s  6 and 7, which g ive  a p l o t  of vs .  s, 
summarize the  in f luence  of t he  var ious i n j e c t i o n  parameters on pene t r a t ion .  
The s l i g h t  decrease i n  the  shock layer  thickness  i s  a r e s u l t  of t he  lower gas 
v e l o c i t y .  For a given i n j e c t i o n  drop s i z e  and mass flow r a t e ,  f i g u r e  6 i l l u s -  
t r a t e s  t he  expected r e s u l t  of g rea t e r  pene t r a t ion  f o r  t he  higher  values  of 
i n j e c t i o n  speed and angle.  However, f o r  t h i s  case,  t h e  r e l a t i v e  e f f e c t  on t h e  
p e n e t r a t i o n  of an increased  i n j e c t i o n  speed i s  much l a r g e r  than t h a t  of an in- 
c reased  i n j e c t i o n  angle.  
t h e  p e n e t r a t i o n  is  g r e a t e r  f o r  t he  smaller  mass flow r a t e  although the  o v e r a l l  
d i f f e r e n c e  i s  very s m a l l .  Also, t h i s  f i g u r e  shows t h a t  g r e a t e r  pene t r a t ion  i s  
ob ta ined  wi th  a l a r g e r  drop s i z e  for  a given mass flow r a t e .  This i s  i n  agree- 
ment w i t h  Volynsky ( r e f .  15) who found t h a t  t he  deepest  pene t r a t ion  was made 

The graph, which i s  t y p i c a l  of the  cases  

I n  f i g u r e  7, a t  a given i n j e c t i o n  speed and angle,  
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by the  l a r g e s t  drops. For t h e  cases  inves t iga t ed ,  t h e  va lues  of t h e  pene t ra -  
t i o n  a t  a d i s t a n c e  .75 f t  downstream of t h e  i n i t i a l  i n j e c t i o n  s t a t i o n  v a r i e d  
from a minimum of 8.5  percen t  t o  a maximum of 17 percent  of t h e  shock l a y e r  
thickness .  These r e s u l t s  w e r e  obtained f o r  t h e  case  where @ @ = 1, t a n  @ = 1 

and F 
maximum f o r  Thus, a t  l eas t  f o r  t h i s  case,  t h e  p e n e t r a t i o n  

can be doubled by doubl ing the  i n j e c t i o n  v e l o c i t y .  I n  general ,  t h e  r e s u l t s  
show t h a t  g r e a t e r  p e n e t r a t i o n  can be expected w i t h  l a r g e r  va lues  of i n j e c t i o n  
speed, angle  and drop s i z e .  However, f o r  t he  mass flow rates inves t iga t ed ,  
t he  p e n e t r a t i o n  w a s  found t o  be  almost independent of t h e  mass flow rate.  
For a given mass flow ra te  and i n j e c t i o n  v e l o c i t y ,  a l a r g e  drop s i z e  impl ies  
a smal l  number dens i ty .  However, Evans ( r e f .  7) i n d i c a t e s  t h a t  a h igh  number 
d e n s i t y  ( l a r g e  s u r f a c e  a r e a  pe r  u n i t  volume) as w e l l  as a l a r g e  p e n e t r a t i o n  
may be d e s i r a b l e  f o r  a l l e v i a t i o n  of blackout.  
must be considered. 

2 3  
= 75 p w i t h  t h e  minimum value  occur r ing  f o r  = 3 9  cm/sec and the  

P P 
= TOO cm/sec. 

P 

In  t h i s  case,  a t r adeof f  e f f e c t  

F igure  8 compares t h e  i n c l i n a t i o n s  of t h e  gas s t r eaml ines  f o r  t h e  cases 
of i n j e c t i o n  and no i n j e c t i o n .  It i l l u s t r a t e s  how t h e  s t r eaml ines  a r e  de- 
f l e c t e d  as a r e s u l t  of i n j e c t i o n ;  even f o r  t h e  low, spray  i n j e c t i o n  v e l o c i t y  
of 3p cm/sec, t h e  flow d i r e c t i o n  i s  changed by a f a c t o r  of more than  three.  
S imi la r ly ,  B i l l i g  ( r e f .  6) showed the l a r g e  e f f e c t  of t he  normal component of 
t h e  gas v e l o c i t y  on t h e  c a l c u l a t e d  pene t r a t ion  of a l i q u i d  i n j e c t e d  i n t o  a 
M = 5 airstream over  a f l a t  p l a t e .  

F igu re  9 i s  a p l o t  of t he  t angen t i a l  gas v e l o c i t y  wi th  and wi thout  in -  
j e c t i o n  a t  s e v e r a l  l oca t ions .  Since t h e  normal component of t h e  gas v e l o c i t y  
i s  sma l l  compared t o  t h e  t a n g e n t i a l  component, t h i s  p l o t  i s  r e p r e s e n t a t i v e  of 
t h e  e f f e c t  of t h e  sp ray  on t h e  gas ve loc i ty .  
curves  a l l  show t h a t  t he  gas acce le ra t e s  a t  t h e  downstream shock loca t ions .  
For t h e  no i n j e c t i o n  case, t h e  g a s  a l s o  a c c e l e r a t e s  a t  t h e  body and w i t h i n  the  
shock l aye r .  This is t h e  expected r e s u l t  i n  an expanding supersonic  flow. 
However, f o r  t h e  i n j e c t i o n  case,  the gas i s  dece le ra t ed  a t  t h e  body and every- 
where w i t h i n  t h e  shock l aye r  except  near  t h e  shock i t s e l f .  Combining these  
r e s u l t s  w i th  those  of f i g u r e  8, w e  see t h a t  t h e  spray  dece le ra t e s  t h e  gas as 
w e l l  a s  d e f l e c t s  it. Fur the r  downstream, t h e  e f f e c t  of t h e  spray  diminishes  
and t h e  gas a c c e l e r a t e s  throughout the shock layer .  Such i s  the  case f o r  t h e  
p r o f i l e  shown a t  t h e  d i s t a n c e  1.2 f t  downstream of t h e  i n i t i a l  s t a t i o n .  The 
i n j e c t i o n  curves a l s o  show t h e  discont inuous normal d e r i v a t i v e s  which were 
p o s t u l a t e d  a t  t h e  i n t e r f a c e .  

The i n j e c t i o n  and no i n j e c t i o n  

The e f f e c t  of t h e  spray on t h e  gas temperature  i s  shown i n  f i g u r e  10. 
Here, t h e  r a t i o  of temperatures w i t h  and wi thout  i n j e c t i o n  is  p l o t t e d  vs.  
d i s t a n c e ,  and any d e v i a t i o n  from the v a l u e  u n i t y  r ep resen t s  t h e  e f f e c t  of t h e  
spray.  The i n i t i a l  shock l a y e r  temperature p r o f i l e  i s  given i n  Table 1. I n  
t h e  presence  of i n j e c t i o n ,  t h e  r e s u l t s  show a l a r g e  decrease  i n  t h e  gas 
tempera ture  a long t h e  body. This cool ing is  very  rap id .  The temperature  de- 
c r e a s e s  from an i n i t i a l  va lue  of approximately 3 9 0 ° K  t o  a va lue  of about 
700°K i n  about  .4 f t  d i s t a n c e  downstream. It is  u n l i k e l y  t h a t  t h e  a i r  i s  
cooled t h i s  much by t h e  evaporat ion.  Ins tead ,  it is  reasoned t h a t  t h e  gas 
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along t h e  body i s  composed mainly of low temperature water vapor evaporated 
from the  spray.  

The exc lus ion  of  t he  c o r r e c t  chemical e f f e c t s  obviously inf luenced  t h e  
r e s u l t s  ob ta ined  f o r  t h e  gas temperature w i t h i n  t h e  shock layer .  Here, t h e  
increased  gas temperature can p a r t l y  be explained by t h e  d e a c c e l e r a t i o n  of  
t h e  gas, and t h e  assumption of frozen chemistry employed here .  The curve a t  
t h e  d i s t a n c e  1.2 f t  downstream represents  approximately t h e  h i g h e s t  tempera- 
t u r e s  obta ined  f o r  t he  s p e c i f i e d  i n j e c t i o n  condi t ions .  Temperatures obtained 
downstream i n d i c a t e  a gradual  cool ing of t h e  gas. 

F igu re  11 shows t h a t  t h e  smal les t  drop s i z e s  are obta ined  along t h e  i n t e r -  
face .  Within t h e  i n t e r f a c e  region, t he  gas temperature i s  h i g h e s t  a t  t he  
i n t e r f a c e ,  and t h e  evaporat ion r a t e  is f a s t e s t  there .  The drop s i z e  a t  t h e  
i n t e r f a c e  decreases  by 60 percen t  i n  a d i s t a n c e  of one f o o t  beyond t h e  in-  
j e c t i o n  region.  This decrease  occurs i n  approximately 7.10-3 seconds. The 
f i g u r e  a l s o  shows t h a t  ve ry  l i t t l e  evaporat ion occurs  a t  t h e  body; t h i s  i s  
due t o  the  low gas temperatures.  

The p r o f i l e s  of t h e  spray  dens i ty  are  shown i n  f i g u r e  12. The d e n s i t y  is  
e s s e n t i a l l y  uniform a t  t h e  end of the i n j e c t i o n  r eg ion  (s = .923 f t ) .  
stream of t h e  i n j e c t i o n  reg ion  t h e  dens i ty  a t  t h e  body decreases  rap id ly .  
The sp ray  d e n s i t y  a long t h e  body, i s  in f luenced  by t h e  va lue  of 

(2) which i s  assumed equal  t o  (-) i n  t h e  no - in j ec t ion  region.  The in-  

j e c t i o n  causes  t h e  gas t o  be de f l ec t ed  and t h i s  d e r i v a t i v e  i s  increased  i n  t h e  
v i c i n i t y  of t h e  i n j e c t i o n  region. The va lue  decreases  downstream as  the  gas 
flow becomes more nea r ly  p a r a l l e l  t o  t h e  body. For t h i s  reason, t he  r a t e  of 
dec rease  of t h e  spray  d e n s i t y  a t  the body i s  not  as l a r g e  downstream. A t  t he  
i n t e r f a c e ,  t h e  smallest spray dens i ty  i s  obtained because t h e  drop s i z e  i s  
s m a l l e s t  a t  t h i s  l oca t ion .  I n  general ,  t h e  spray  d e n s i t y  decreases  throughout 
t h e  i n t e r f a c e  reg ion  as t h e  drops spread i n t o  the  gas and are acce le ra t ed .  

Down- 

n & a; 
& i o  an o -- 

In  t h e  absence of d e t a i l e d  measurements i n  t h e  shock layer ,  t he  above 
theory  can be checked i n  two d i f f e r e n t  ways: 
p r e d i c t e d  p e n e t r a t i o n  w i t h  experiment. The second is  t o  u s e  t h e  r e s u l t s  from 
t h i s  c a l c u l a t i o n  i n  a way s i m i l a r  t o  t h a t  employed by Evans ( r e f .  7 )  t o  s tudy  
t h e  e f f e c t s  of l i q u i d  i n j e c t i o n  on communications blackout .  Water i n j e c t i o n  
experiments  f o r  t h e  geometry under cons idera t ion  were c a r r i e d  ou t  by Weaver 
( r e f .  16)  us ing  i n j e c t i o n  v e l o c i t i e s  which were a t  l e a s t  f i v e  t imes h igher  
t han  the maximum v e l o c i t y  inves t iga t ed  here .  
assumption, u s e  of h igher  i n j e c t i o n  v e l o c i t i e s  would r e s u l t  i n  temperatures  
which would be even h igher  than those ind ica t ed  i n  f i g u r e  10. 
temperatures  are  not  rea l i s t ic ,  no attempt w a s  made t o  c a r r y  the  c a l c u l a t i o n s  
f o r  h ighe r  i n j e c t i o n  v e l o c i t i e s .  Thus, meaningful comparison w i t h  Weaver's 
experiments  and wi th  d a t a  on communications blackout  cannot be made a t  t h i s  
s t a g e  and should await c a l c u l a t i o n s  i n  which the  assumption of f rozen  Chemistry 
i s  re laxed .  

The f i r s t  i s  t o  compare t h e  

Because of t h e  frozen chemistry 

Since such 
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CONCLUSIONS 

An a n a l y s i s  i s  presented  f o r  the i n j e c t i o n  of  a l i q u i d  spray i n t o  a 
supersonic  a i r  flow. The r e s u l t s  show t h a t  g r e a t e r  p e n e t r a t i o n  is  obta ined  
f o r  t h e  h ighe r  va lues  of i n j e c t i o n  speed, angle  and drop s i z e .  I n  general ,  
t h e  spray a c t s  t o  slow and d e f l e c t  the a i r  w i t h  a subsequent r ise  i n  t h e  a i r  
temperature.  The d e f l e c t i o n  of  t h e  a i r  stream enhances t h e  pene t r a t ion .  On 
t h e  o t h e r  hand, t h e  increased  a i r  temperature r e s u l t s  i n  more evaporat ion and 
t h i s  tends t o  lower t h e  p e n e t r a t i o n  because of t h e  reduced drop s i z e .  The 
r e s u l t s  of t he  c a l c u l a t i o n s  i n d i c a t e  t h a t  t he  in f luence  of t h e  gas d e f l e c t i o n  
on p e n e t r a t i o n  i s  more pronounced. 

As a r e s u l t  of the i n i t i a l  slowing of t h e  a i r  stream, t h e  assumption of 
f rozen  chemistry i s  ques t ionable .  This expla ins  t h e  h igh  temperatures calcu-  
l a t e d  i n  the  shock layer .  However, the  v e l o c i t y  f i e l d  i s  be l ieved  t o  be more 
r e p r e s e n t a t i v e  of actual condi t ions  because t h e  chemistry does not  have as 
g r e a t  an inf luence .  

With t h e  except ion of t he  gas temperature, i t  is be l i eved  t h a t  t he  method 
presented  he re  gives  reasonably accura te  p e n e t r a t i o n  and flow f i e l d  r e s u l t s .  
Use of  f i n i t e  chemical r e a c t i o n  r a t e s  w i l l  r e s u l t  i n  more accu ra t e  flow f i e l d s .  

North Caro l ina  S ta te  Univers i ty  
Raleigh, N. C.,  December 30, 1967 
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APPENDICES 

APPENDIX A 
DERIVATION OF EQUATIONS 

In t roduc t ion  

The equat ions der ived  i n  t h i s  appendix are  those governing t h e  i n t e r -  
a c t i o n  of a l i q u i d  spray  and a gas flow. The gas flow i s  assumed t o  be 
i n v i s c i d  except  f o r  t h e  drag  i t  exerts on t h e  d r o p l e t s  of t h e  spray. 

The l i q u i d  i s  i n j e c t e d  t ransverse  t o  t h e  a i r  flow, a process  which i s  
assumed t o  r e s u l t  i n  t h e  product ion of a very  l a r g e  number of d r o p l e t s ,  o r  
spray. Only a s t a t i s t i c a l  desc r ip t ion  of t h e  spray is  f e a s i b l e ,  and t h e  
necessary spray  s t a t i s t i c s  have been presented  by W i l l i a m s  ( r e f .  9 ) .  

Spray S t a t i s  t i c s  

Drople t  S i ze  and Shape. 
t h a t  t h e  s p e c i f i c a t i o n  of t he  drop radius  i s  s u f f i c i e n t  t o  completely de t e r -  
mine t h e  s i z e  and shape of a drop. 
moving r e l a t i v e  t o  a gaseous medium w i l l  be  s p h e r i c a l  only i f  t h e  spray  i s  
d i l u t e  and i f  t h e  d r o p l e t  Weber numbers are s u f f i c i e n t l y  low. In a d i l u t e  
spray  t h e  c o l l i s i o n s  between drops a r e  i n f r equen t  and t h e  r a t i o  of t h e  volume 
occupied by t h e  drops t o  t h e  volume occupied by the  gas i s  s m a l l .  The Weber 
number i s  given by 

The l i q u i d  drops a r e  assumed t o  be s p h e r i c a l  so 

However, t h e  l i q u i d  drops of a spray 

where t h e  s u b s c r i p t  p denotes  drops and g denotes  gas and r, p, V and cr a r e  
t h e  r ad ius ,  dens i ty ,  v e l o c i t y  and su r face  tension,  r e spec t ive ly .  The Weber 
number i n d i c a t e s  t h e  degree of deformation and t h e  amplitude of o s c i l l a t i o n  
o f  a l i q u i d  drop. I n  order  t o  have dynamically s t a b l e  s p h e r i c a l  drops, i t  
is  necessary  t h a t  W < 10, Lane ( re f .  17) and Haas ( r e f .  18). For t h e  gas e 
c o n d i t i o n s  employed here ,  t h i s  implies  a drop r ad ius  less than  125 p (lp = 

c m ) .  The re la t ive  v e l o c i t y  between drops and gas tends t o  decrease  
downstream of t h e  p o i n t  of i n j ec t ion ,  and t h e  drop r ad ius  decreases  a s  a re- 
s u l t  o f  evaporat ion;  t he re fo re ,  drops i n i t i a l l y  having Weber numbers s a t i s f y -  
i n g  W < 10 w i l l  m e e t  t h i s  condi t ion throughout.  e 

~ D i s t r i b u t i o n  ~. Function. S t a t i s t i c a l l y ,  t h e  spray  i s  descr ibed  by a 
~. - 

- 2  
d i s t r i b u t i o n  func t ion ,  f(rp,X,Vp, t ) .  The quan t i ty  

* a  2 2  
f ( rp ,X ,Vp ,  t )  d r  dXdV 

P P  
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i s  t h e  probable  number of drops i n  the r ad ius  range d r  about r loca ted  i n  

t h e  s p a t i a l  range dX, about X w i th  v e l o c i t i e s  i n  t h e  range dV about V and 

a t  t i m e  t. Employing reasoning analogous t o  t h e  k i n e t i c  theory of gases,  
Williams der ived  t h e  fol lowing equation governing t h e  t i m e  r a t e  of change 
of t he  d i s t r i b u t i o n  funct ion,  f :  

P” P 

P’ P 

Cont r ibu t ions  t o  t h e  r a t e  of change of f due t o  t h e  terms Q (nuc lea t ion  and 
breakup)  and r (drop c o l l i s i o n s )  are  assumed n e g l i g i b l e  i n  the  p re sen t  
a n a l y s i s .  I n  a d d i t i o n  t h e  a n a l y s i s  is r e s t r i c t e d  t o  t h e  s t eady  s t a t e  so  t h a t  
t h e  r e l e v a n t  spray equat ion  becomes 

(4A) 

A A  
where t h e  f o r c e  per  u n i t  mass a c t i n g  on a drop a t  ( r  
by F = dV /d t ,  and the  r a t e  of change of  s i z e  of a drop a t  (r  

def ined  a s  R ’  = d r  /d t .  

B and C, r e spec t ive ly .  
t ives w i t h  r e s p e c t  t o  s p a c i a l  and ve loc i ty  coord ina tes ,  r e spec t ive ly .  

X, Vp, t )  i s  denoted 
A * P’ A - L  

P a P’ X, Vp, t )  i s  
Expressions f o r  R ’  and F are  developed i n  Appendices 

The v e c t o r  operator  s u b s c r i p t s  x and v denote de r iva -  
P 

Spray Equations 

The equat ions used t o  desc r ibe  t h e  spray  are  t h e  mass and momentum con- 
s e r v a t i o n  equat ions,  an  equat ion r e l a t i n g  the  change i n  drop s i z e  due t o  
evapora t ion  and an energy equat ion  which re f lec ts  the  h e a t  exchange necessary 
t o  main ta in  t h e  evaporat ion.  These equat ions a r e  der ived  as follows. 

Equation of Change. As a f irst  s t e p  i n  t h e  d e r i v a t i o n  of t he  conserva- 
t i o n  equat ions,  t h e  equat ion  of  change w i l l  be der ived .  

equa t ion  ( 4 A )  by @ = @ ( r  V ) and i n t e g r a t i n g ,  one f i n d s  t h a t  

Thus, mu l t ip ly ing  
2 

P’ P 

+ J  J @ V  . @ f ) d r $  = O  
V P P  f i r  

P P  
m o o  

w h e r e 1  J E J and 0 can be e i t h e r  a scalar  o r  v e c t o r  funct ion.  
V r  -00 0 

P P  

The f i r s t  i n t e g r a l  can be in t eg ra t ed  by p a r t s  w i th  r e s p e c t  t o  r t o  
g i v e  P 
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a@ 2 03 00 

L J @r d r  ii? = .f [ ( @ R ’ f )  I”- J R’f +dVp . 
V r  P 0 0  P -00 

P P  
00 

However, f -> 0 when r -> 0,m and as a r e s u l t  (0R’ f ) I 
0 

= 0 so  t h a t  
P 

A m a 3  a ( R ’ f )  a L J @r d r  dV = -I I R’f 2- d r  dV . 
P P  

V r  P p p  - 0 0 0  P P P  

A A 
Since r X and V a re  a l l  independent va r i ab le s ,  t he  second i n t e g r a l  of 

P’ P 
( 5 A )  can be w r i t t e n  a s  

0 0 0 0  
1, J @Vx. ($ f ) d r  d”v = Vx. 1 1 

-00 0 
f d r  d’v 

P P P  P P P  V r  
P P  

4 
i f  @ is  a scalar funct ion,  and i f  0 = 0 i s  a v e c t o r  func t ion  as 

00 0 0 A *  2 
J (0;V ) fd r  dV J < V X . f i p f ) d r p G p  = V x  

P P P  V r  -00 0 
P P  

.a -5 

where O;V is a dyadic product.  
P 

When 0 i s  a s c a l a r ,  t h e  t h i r d  i n t e g r a l  of ( 5 A )  reduces t o  

A 0 0 0 0  

.f @ V v * ( g f ) d r  = 1 J V - ( G f ) d r  dV 
V r  p p  - 0 0 0  V P P  

P P  

0 0 0 0  

- 1 $ . ( V v @ ) ] f d r  d”v 
P P  -00 0 

2 
and when 0 = @, i t  becomes 

A &  m o o  
J 3 V - @ f ) d r  d’v = 1 Vv-[ (O;F) f ]d r  d”v 

V r  V p p  - c o o  P P  
P P  

A 0 0 0 0  
- J [ $ a 0  $]fdr  dV . 
-00 0 V P P  

The f i r s t  i n t e g r a l  on the  r i g h t  i n  ( 1 0 A )  and ( 1 1 A )  can be shown t o  vanish  when 
i n t e g r a t e d  over  

when V -> 2 00. Equations ( 1 0 A )  and ( 1 1 A )  then become 

by us ing  t h e  divergence theorem and the  f a c t  t h a t  f -> 0 
P 

P 
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0 0 0 0  s $ v v . c f ) d r  6 = - s  .f $ . ( v v @ ) ] f d r  d? 
P P  V r  p p  - 0 0 0  

P P  

and 

-a 2 0 0 0 0  
/ @ V  - 5 f ) d r  d? = - J  [ G . v v ) O ] f d r  d‘v . 

p p  - 0 0 0  P P  V 
V r  

P P  

Combining t h e  r e s u l t s  ( 7 A ) ,  ( 8 A ) ,  ( g A ) ,  ( 1 2 A )  and ( l 3 A ) ,  t h e  equat ion  of 
change f o r  t he  genera l  spray  property @, i s  given by 

0 0 0 0  

- 1 s c - ( V  @ ) ] f d r  d? = 0 
V P P  -00 0 

when (0 i s  a scalar,  and by 

0 0 0 0  A 
A 0 0 0 0  

- s R ’ f  d r  dV + ‘J ./ s @;? ) fd r  d? 
X P P P  -00 0 P P  

-00 0 P 

0 0 0 0  

- J J [ G - V  s ] f d r  d? = 0 
V P P  -00 0 

A 
when @ = @ .  

In  o r d e r  t o  s impl i fy  the  eva lua t ion  of t h e  i n t e g r a l s  appearing i n  ( 1 4 A )  
and ( l 5 A ) ,  i t  i s  assumed t h a t  

which s e r v e s  t o  d e f i n e  the  s i z e  d i s t r i b u t i o n  func t ion  g and where 6 

three-dimensional  Di rac-de l ta  funct ion w i t h  t h e  proper ty  t h a t  

i s  the  D -  
-LA 

6 ( V  -V )dV 
- D P P  P V 

P 
A- 

= 1, provided t h a t  v’ = V 

Here, V 

t i es .  

is i n  the range of i n t e g r a t i o n  and ze ro  otherwise.  
P P - 

4 
i s  meant t o  r ep resen t  the  l o c a l l y  average va lue  of t h e  drop ve loc i -  

P 
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Continui ty .  Here, @ = 4nr  3 m / 3  i s  t h e  mass of a drop, where m i s  the  
P P  P 

2 m a t e r i a l  d e n s i t y  of t he  drop. Thus, &/& = 4nr  m and v @ = 0. Using 
( 1 6 ~ )  i n  ( 1 4 A )  i t  can be shown t h a t  P P P  V 

2 - 0 0  00 

Vx'vp .f f nrp3mp g d r p  = 4nr  m R1g d r  
0 0 P P  P 

- 
where R '  denotes  R '  eva lua ted  a t  V = V . However, t he  m a s s  of condensed 

P P  
phase pe r  u n i t  s p a t i a l  volume is  given by 

00 

E ,f 4 n r  3m g d rp  
3 P P  pp 0 

and p w i l l  be c a l l e d  t h e  spray  dens i ty .  It follows from equat ions ( l 7 A )  and 

( 1 8 A )  t h a t  t h e  c o n t i n u i t y  equat ion  for  t h e  spray  can be w r i t t e n  as 
P 

4 3 -  
3 P P P  

4 
Momentum. Here, @ = - n r  m V i s  t h e  momentum of a drop. Thus, 

a a ___. a$/& = 4nr  *m V and @ *  vV)$ = - n r  3m F. 

over  V 
Using ( 1 6 A )  t h e  i n t e g r a t i o n s  

P P P P  3 P P  
i n  ( l 5 A )  can be c a r r i e d  out ,  g iv ing  

P 
- s  00 z m  2 

4nr m E' g d r  + V; f l p ; V p )  1 
0 

4 n r  3m g d r p  3 P P  -vP P P  P 

00 - 
nr  3m$gdr  = 0 3 p p  P 0 

- - 
A rs A &  

where F r ep resen t s  F eva lua ted  a t  V = V . Using equat-ons ( l 7 A )  an( 
equa t ion  ( 2 O A )  reduces t o  P P  

The second term above can be expanded t o  g ive  

S u b s t i t u t i n g  ( 2 2 A )  i n t o  ( 2 1 A )  and canceling, t h e  fol lowing conserva t ion  of 
momentum equat ion  f o r  t h e  spray  i s  obtained: 
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p p [ ( V x X ? p ) X V p + ~ V V  1 - r 2  I = $  O 0 4  - - r 3 m + g d r  . - 
a - 

3 P P  P 0 P 

a 
Due t o  t h e  assumed f dependence on V t h e  p re s su re  con t r ibu ted  by the  thermal 

motion of t he  drops i s  n e c e s s a r i l y  zero; hence, i t  does not  appear i n  (23A). 
P' 

Energy. The energy equat ion  fo r  t h e  sp ray  i s  taken a s  the  s ta tement  
express ing  equi l ibr ium between the  heat  t r a n s f e r r e d  t o  the  drop from the  a i r  
and t h e  h e a t  consumed by t h e  drop while  evaporat ing.  The drop temperature i s  
assumed uniform. Thus, i f  represents  t h e  r a t e  of h e a t  t r a n s f e r  t o  t h e  drop 
from the  surroundings,  t h e  s t e a d y  evaporat ion r a t e  and L t h e  d r o p l e t  l a t e n t  
h e a t  of vapor iza t ion ,  t he  d r o p l e t  o r  spray  energy equat ion  can be expressed as 

Q = m L .  

This equat ion  allows the  determinat ion of the  d rop le t  s a t u r a t i o n  vapor p r e s -  
s u r e  ( o r  tempera ture)  from the  p rope r t i e s  of t h e  surrounding gas and t h e  drop 
s i z e .  Expressions f o r  & and 4 a r e  given i n  Appendix B. 

Drop Radius. In  a d d i t i o n  t o  the u s u a l  conserva t ion  equat ions,  i t  i s  
necessary  t o  desc r ibe  the  r a t e  of change of t h e  drop r ad ius .  In t roducing  the  
quas i - s teady  s t a t e  assumption f o r  the evaporat ion process  (see Appendix B) ,  
one can w r i t e  

where D /  D t  = &/at + . v i s  the t o t a l  de r iva t ive .  Hence 
P 

2 
P P  

- 
Vp. ( vrp)  = - i / 4n r  m . 

Gas Equations 

The conserva t ion  equat ions used f o r  t he  gas are the  o rd ina ry  equat ions of 
f l u i d  dynamics, w i th  s u i t a b l y  added source  terms account ing f o r  the  average 
e f f e c t  of t h e  spray  ( r e f .  9). 

Cont inui ty .  The mass p e r  u n i t  volume p e r  second added t o  the  gas from 
t h e  evapora t ing  spray  is  

.a 0 0 0 0  

$ 4nm r * R ' f d r  dV 
-00 0 P P  P P  

4 

or ,  i n t e g r a t i n g  wi th  r e spec t  t o  V and us ing  ( 1 6 ~ ) ,  t h e  above express ion  re- 
duces t o  P 
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00 

J 4 m r  ' E' g d r  . 
0 P P  P 

The gas c o n t i n u i t y  equat ion  i s  then given by 

00 
A v . ( p f V g )  = -1 4m r E'  g d r  

P P  P 0 

where p c a l l e d  t h e  f l u i d  dens i ty ,  is t h e  mass of gas ( a i r  p lus  l i q u i d  v a p o r )  

p e r  u n i t  volume of phys i ca l  space. The amount of l i q u i d  vapor r e l a t i v e  t o  the  
amount of a i r  i n  a given volume is assumed t o  be smal l  enough s o  t h a t  t h e  
p r o p e r t i e s  f o r  the  gas are e s s e n t i a l l y  those  of a i r  (Appendix D ) .  
u sua l  d e n s i t y  of t h e  gas p ( i . e . ,  the m a s s  of gas pe r  u n i t  volume of space  

a v a i l a b l e  t o  t h e  g a s )  d i f f e r s  from p because of t he  volume occupied by the  

spray.  The previous assumption of  a d i l u t e  spray  w i l l  be v i o l a t e d  whenever 
pf  d i f f e r s  g r e a t l y  from p 

f '  

Also, t he  

g 
f 

therefore ,  t he  r a t i o  p /p given by 2 f g' 

- Pf = 1 - $ O0 s O 0 4  nrp3fdr 3 -  dV = 1 - - pP 
m 

P P P  pg -00 0 

should be kep t  small .  Henceforth, we w i l l  t ake  p - Consequently , t h e  
gas c o n t i n u i t y  equat ion  becomes 

f - Pg. 

I 

00 A v . (p  v ) = -1 4 m  r R ' g d r  . 
P P  P 0 g g  

Momentum. Accounting f o r  t h e  drag exe r t ed  on t h e  gas by t h e  spray,  t h e  
t i m e  r a t e  of momentum a d d i t i o n  t o  the gas by t h e  spray,  and neg lec t ing  the  
v i scous  terms i n  t h e  p re s su re  tensor ,  t h e  equat ion  of conserva t ion  of  momentum 
f o r  t h e  gas can be w r i t t e n  a s  

The f i r s t  i n t e g r  1 rep resen t s  t he  force  pe r  u n i t  volume exer ted  on 
t h e  s p r a y  wh i l e  the  second i n t e g r a l  accounts f o r  t h e  momentum c a r r i e d  t o  t he  
gas by t h e  vapor evaporat ing from the spray.  
gas i s  given by p 

he gas by 

The h y d r o s t a t i c  p re s su re  of t he  

g ' 

Energy. Following W i l l i a m s  ( r e f .  9),  t he  gas energy equat ion  may be 
taken as 
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I n  d e r i v i n g  t h i s  equat ion  t h e  heat flux vec to r  i n  t h e  gas has been taken as 
ze ro  and a l l  viscous terms have been excluded. Here, h i s  t h e  s p e c i f i c  

en tha lpy  of t he  gas and h i s  t h e  enthalpy flowing t o  t h e  gas p e r  u n i t  mass 

of vapor. The f i r s t  i n t e g r a l  gives  the  work done on t h e  gas by t h e  spray  
whi le  t h e  second i n t e g r a l  denotes the energy added t o  the  gas by the  evaporat-  
i n g  spray.  

g 

P 

S t a t e .  Neglect ing t h e  p a r t i a l  p ressure  of t h e  vapor  and assuming the  
a i r  t o  be a mixture  of i d e a l  gases, the  equat ion of s t a t e  f o r  t he  gas i s  given 
by 

where Ro i s  t h e  un ive r sa l  gas constant ,  T 

mix tu re  molecular  weight, def ined  fo r  a n  N component mixture  by 

the  gas temperature  and M i s  t h e  
g g 

N 
M = C X M X.  = m o l e  f r a c t i o n  . i i’ 1 g i=l 

The equat ions given by (IgA), (23A), ( 2 6 ~ ) ,  ( 3 1 A ) ,  (32A) and ( 3 3 A )  
c o n s t i t u t e  a s e t  of coupled i n t e g r o d i f f e r e n t i a l  equat ions.  Solu t ion  of  t h i s  
s e t  a long  w i t h  the  supplemental  equat ions (2bA) and (34A) i s  very  complicated 
and v e r y  labor ious .  To a l l e v i a t e  t h i s  untenuable p o s i t i o n ,  c e r t a i n  s impl i fy-  
i ng  assumptions must be made i n  t h e  equat ions.  A s  a f i r s t  s t e p  i n  t h i s  d i r ec -  
t i on ,  t he  fol lowing s e c t i o n  w i l l  in t roduce assumptions al lowing one t o  eva lua te  
t h e  i n t e g r a l s  appearing i n  these  equations; thus,  t h e  s e t  of i n t eg rod i f f e ren -  
t i a l  equa t ions  a r e  rep laced  by a corresponding s e t  of approximating d i f f e r e n -  
t i a l  equat ions .  

E x p l i c i t  Expressions f o r  t h e  Source Term I n t e g r a l s  

The d i s t r i b u t i o n  func t ion  has a l ready  been assumed t o  have the  form - 
i -L .A 

f = g(r x l g  Iv  -v p ’ - ~ ’  D ’  p p - 
.-L 

w i t h  V r ep resen t ing  t h e  average ( l o c a l )  v e l o c i t y  of t h e  sp ray  d r o p l e t s  and 
P 
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A 

where g ( r  

spray a l s o  may be represented  by an average drop s i z e ,  r = E - t he re fo re ,  w e  

X )  i s  t h e  s i z e  d i s t r i b u t i o n  func t ion .  It i s  now assumed t h a t  t he  
P' 

t ake  P P J  

A 
where n(X) i s  t h e  number dens i ty  of  drops i n  the  spray and 6 

t h e  Dirac-de l ta  func t ion .  The i n t e g r a l s  over  r appearing i n  t h e  spray  and 

gas equat ions can  now be evaluated giving t h e  fol lowing r e s u l t s :  

aga in  r ep resen t s  D 

P 

38' Pp 
r ' R ' g d r  = -  

0 P r  
P 

- O04 a 1 
0 

- 6m r "$ g d r  = pPF 
3 P P  P 

- -  J O04 - 6m r '6.3 ) g d r  = p @.'d ) 
3 P P  P P P P  0 

- a 
Here, W '  and F now rep resen t  va lues  evaluated a t  t h e  average va lue  as w e l l  

a s  a t  V . P - 
a 

P 

Dimensionless Governing Equations 

The spray  and gas equat ions a r e  normalized us ing  the  d e f i n i t i o n s  given 
i n  Appendix E. Use i s  made of the  expressions f o r  h and and R'  from 
Appendix B and f o r  'F from Appendix C. 
deno t ing  average va lues  a r e  dropped and t h e  dimensionless v a r i a b l e s  a r e  ex- 
p re s sed  i n  t h e  h e r e t o f o r e  dimensional no ta t ion .  The fol lowing dimensionless 
governing equat ions f o r  t h e  spray and the gas r e s u l t :  

I n  addi t ion ,  t h e  s u p e r s c r i p t  ba r s  

Spray Continui ty .  

V + ' f  ) = -3 2 r 
P 

P P  p2 
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SDrav Momentum. 

Spray Energy. 

A T  
- g P ( T - p T )  P o - =  g 7 p  

Drop Radius. 
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Gas Continui ty .  

L 
P 

Gas Momentum. 

( 4 1 A )  - 
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Gas Energy. 

3 

S t a t e .  

= Z p T  . 
pg = g g  

The dimensionless parameters (denoted by the  B ' s )  appearing i n  the  above 
equat ions are defined as 
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APPENDIX B 
EVAPORATION 

In t roduct ion  

The evaporat ion of  a spray  in j ec t ed  i n t o  t h e  high-speed, high-temperature  
environment of a r e e n t r y  v e h i c l e  i s  a very  complicated process .  
f o r  t he  s i z e  and temperature  h i s t o r i e s  of t h e  spray  d r o p l e t s  cannot be per-  
formed unless  many assumptions are introduced i n  the  a c t u a l  phys i ca l  model. 
The fol lowing s e c t i o n s  w i l l  p r e sen t  the assumptions employed and the  r e s u l t i n g  
expressions used f o r  c a l c u l a t i n g  the  evapora t ion  r a t e  of t h e  spray.  

Ca lcu la t ions  

Theory 

Phys ica l  Environment. A s  a s t a r t i n g  p o i n t  i n  the  spray evaporat ion 
ana lys i s ,  w e  u se  t h e  prev ious ly  given assumption (Appendix A )  t h a t  t h e  i n j e c -  
t i o n  process  r e s u l t s  i n  a l a r g e  number of dynamically s t a b l e ,  s p h e r i c a l  drop- 
le ts .  From W i l l i a m s  ( r e f .  g ) ,  the  t i m e  r a t e  of change of diameter  of a drop 
depends on the  physicochemical evaporat ion process  and on the  na tu re  of t he  
surrounding environment. For s u f f i c i e n t l y  slow changes i n  the  drop s i z e  and 
i n  the  environment, t h e  t i m e  dependent terms i n  t h e  governing equat ions may be 
dropped and the  quas i - s t eady- s t a t e  evaporat ion r a t e s  may be employed. Thus, 
t he  t i m e  dependence of t he  evaporation only e n t e r s  through changes i n  t h e  

___ ambient condi t ions  and drop diameter;  t h a t  is ,  t h e  s t e a d y - s t a t e  s o l u t i o n  ob- 
ta ined  f o r  a f ixed  drop s i z e  app l i e s  t o  the  evaporat ing drop when i t  reaches 
t h e  diameter  used i n  the  s t eady- s t a t e  so lu t ion .  
s i m p l i f i e s  t he  mathematical  treatment.  

This assumption g r e a t l y  

Cons i s t en t  w i th  the  s t a t i s t i c a l  assumptions introduced i n  Appendix A, i t  
i s  assumed t h a t  t h e  spray  evaporat ion can be determined from the known evap- 
o r a t i v e  p r o p e r t i e s  of r ep resen ta t ive  d r o p l e t s .  Hence, w e  seek t o  d e s c r i b e  
the  evapora t ion  of a s i n g l e  drop i n  the  shock l aye r .  
l a r g e s t  drops considered i n  t h i s  work i s  smal l  so  t h a t  the  appropr i a t e  r a r e -  
f a c t i o n  parameter f o r  t h e  d r o p l e t s  is t h e  Mach number t o  Reynolds number r a t i o ,  
M/Re = p /a p d, where d, p a and p a r e  the  d r o p l e t  diameter,  

v i s c o s i t y ,  speed of sound and dens i ty  of t he  gas a t  l a r g e  d i s t ances  from the  
drop, r e s p e c t i v e l y .  The i n j e c t i o n  considered i n  t h i s  work i s  i n t o  t h e  expand- 
ing, supersonic  p o r t i o n  of t he  shock layer ,  and the  evaporat ing drops should 
exper ience  a minimum v a l u e  of t h e  r a t i o  M/Re when a t  t h e i r  maximum diameter  
corresponding to  the  i n j e c t i o n  values.  The maximum diameter a t  which drops 
can b e  i n j e c t e d  i n t o  the  given environment has a l r eady  been shown (Appendix A )  
t o  be approximately 2% w. 
r a t i o  M/Re occurs  f o r  t he  drops when they are  f i r s t  i n j e c t e d  and is  of t he  
o r d e r  M/Re = 1. 
and free-molecvle  regimes, Schaaf and Chambre ( r e f .  l g ) ,  allowances f o r  r a r e -  
f a c t i o n  e f f e c t s  must be made i n  the  d r o p l e t  evapora t ion  ana lys i s .  Deviat ions 
from continuum evapora t ion  theory  in  t h e  absence of convect ion e f f e c t s  w i l l  
occur  whenever the  drop r ad ius  i s  comparable w i t h  t h e  mean f r e e  pa th  of a 

The Re number f o r  t he  

00 m o o  00’ 00 00 

Consequently, an approximate lower l i m i t  f o r  t h e  

Since t h e  range, .01 < M/Re < 0 0 ,  inc ludes  both the  t r a n s i t i o n  



vapor molecule; thus,  continuum r e s u l t s  are not  app l i cab le  t o  e i t h e r  smal l  
d r o p l e t s  a t  moderate pressures  o r  t o  l a r g e r  d r o p l e t s  a t  lower pressures ,  
( re f .  20). 

I f  no convection c u r r e n t s  are present ,  continuum d r o p l e t  evapora t ion  
theory hinges on t h e  d i f f u s i o n  of vapor molecules away from t h e  drop and t h e  
i n f l u x  of  h e a t  i n t o  t h e  drop, ( r e f .  20).  Most t h e o r e t i c a l  t rea tments  con- 
s i d e r  evapora t ion  as a problem wi th  quasi-s teady g rad ien t s  of composition and 
temperature, and then make assumptions regard ing  the  v a r i a t i o n  of t he  r e l evan t  
p r o p e r t i e s  (e. g., d i f f u s i o n  c o e f f i c i e n t ,  thermal c o n d u c t i v i t y )  over  t h e  gra- 
d i e n t s  ( r e f .  21). I n  t h e  presence of l a r g e  temperature and concen t r a t ion  
gradien ts ,  t he  mass d i f f u s i o n  and hea t  t r a n s f e r s  have an apprec i ab le  e f f e c t  
on each o t h e r  and cannot  be  decoupled as i s  done i n  many t rea tments .  
t h i s  case,  a s  po in ted  ou t  by Fuchs ( r e f .  22), r equ i r e s  a s p e c i a l  d e t a i l e d  
a n a l y s i s  which so f a r  has no t  been c a r r i e d  out .  

Indeed, 

D i f fus iona l  c o n t r o l  of  evaporat ion w i l l  d iminish as t h e  drop decreases  
i n  s i z e ;  i n  t h e  l i m i t  of very  s m a l l  drops, t he  evaporat ion i s  k i n e t i c a l l y  con- 
t r o l l e d  and proceeds a s  i f  i n  a vacuum. Following Kennard ( r e f .  2 3 ) ,  a drop 
surrounded by i t s  s a t u r a t e d  vapor w i l l  undergo equal  rates of evaporat ion and 
condensation. The evaporat ion ra te  f o r  t h i s  case  can e a s i l y  be c a l c u l a t e d  
s i n c e  i t  i s  exac t ly  equal  t o  the  condensation r a t e  which can be determined 
from the known number of molecules per u n i t  a r ea  p e r  u n i t  t i m e  s t r i k i n g  t h e  
d r o p l e t  su r f ace .  
which occurs  when the re  i s  an imbalance i n  these  r a t e s ,  an unknown f a c t o r  a! 
i s  introduced which r ep resen t s  t h e  f r a c t i o n  of  impinging vapor molecules t h a t  - 
do condense. 

To exp la in  t h e  n e t  o r  observed evapora t ion  ( o r  condensa t ion)  

For  evapora t ing  drops moving r e l a t i v e  t o  the  surrounding medium, con- 
s i d e r a t i o n  must be given t o  t h e  forced convect ive e f f e c t s  which are p r e s e n t ,  
Mathematical d i f f i c u l t i e s  have n o t  as y e t  allowed the  complete s o l u t i o n  f o r  
a l l  Reynolds numbers f o r  t he  r a t e s  of evaporat ion o r  h e a t  t r a n s f e r  from a 
s p h e r i c a l  body v e n t i l a t e d  by a gas stream. The approximations which have 
appeared a r e  l imi t ed  t o  p a r t i c u l a r  Reynolds number ranges,  ( r e f .  22). How- 
ever, as pointed ou t  by Fuchs, f o r  drops moving r e l a t i v e  t o  a high-speed, 
r a r e f i e d  gaseous medium, t h e  wid th  of t he  d i f f u s i o n  boundary l a y e r  i s  less 
than  t h e  mean f r e e  pa th  of t h e  vapor molecules and p r a c t i c a l l y  a l l  t h e  evap- 
o r a t i n g  molecules w i l l  be c a r r i e d  away by the  gas; i . e . ,  evapora t ion  w i l l  
proceed a s  i f  i n  a vacuum. I n  this  work, as a f i r s t  approximation, t h e  e f f e c t s  
of  convect ion w i l l  be ignored, an  approximation which should be of i nc reas ing  
v a l i d i t y  because t h e  evaporat ion r a t e  s o  der ived  tends toward t h e  c o r r e c t  
vacuum rate.  I f ,  as expected, t h e  rates of mass and h e a t  t r a n s f e r  are  in -  
c r eased  by the  e f f e c t s  of convection cu r ren t s ,  ( r e f .  24), neg lec t ing  convect ive 
e f f e c t s  should y i e l d  r e s u l t s  represent ing  a lower l i m i t  f o r  t he  a c t u a l  process .  

Evaporat ion wi th  l/r << 1. Consider t he  s teady  evapora t ion  of  a motion- 
P 

less, s p h e r i c a l  drop l z t ~  a gaseecs medilm- with iiniform temperature  and pres-  
s u r e  b u t  w i t h  nonuniform vapor concentrat ion.  I f  t he  drop r ad ius ,  r i s  

cons ide rab ly  l a r g e r  than t h e  mean free path,  !, of a vapor molecule and the  
equ i l ib r ium vapor p re s su re  of t h e  m a t e r i a l  i s  cons iderably  less than  the  t o t a l  

P’ 
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pres su re  
formula, 

where D, 

of t h e  medium, 
( r e f .  2 2 )  

L = 4nr  D ( C ~  
0 P 

c and c a r e  
0 W 

t h e  evaporation ra te  ( m a s s / t i m e )  i s  given by Maxwell's 

- c  00 1 O B )  

t he  d i f f u s i o n  c o e f f i c i e n t  of t h e  vapor, vapor concen- 

t r a t i o n  (mass/volume) i n  equi l ibr ium wi th  t h e  d r o p l e t  and vapor concen t r a t ion  
a t  l a r g e  d i s t a n c e  from t h e  drop, r e spec t ive ly .  

densa t ion  and when c > c w e  have evaporation. When co = c equi l ibr ium 

e x i s t s  w i th  no n e t  evaporat ion o r  condensation occurr ing .  One except ion t o  
t h i s  cond i t ion  occurs  f o r  s m a l l  drops i n  a medium s a t u r a t e d  wi th  vapor. I n  
t h i s  ca se  evaporat ion does t ake  place due t o  t h e  increased  vapor p re s su re  of 
t he  drops owing t o  t h e i r  curved sur faces .  For a drop of r ad ius  r and 

temperature T, t h e  vapor p re s su re  w i l l  be  increased  over t h e  ord inary  va lue  
f o r  a f l a t  l i q u i d  s u r f a c e  a t  t h e  same temperature  i n  accordance wi th  t h e  
Kelvin equat ion,  r e f .  (22 )  and (25) 

When co < coo, w e  have con- 

0 00 00' 

P 

I where p i s  t h e  vapor p re s su re  of the drop a t  temperature  T, 

p r e s s u r e  over  a f l a t  l i q u i d  s u r f a c e  a t  t h e  same temperature,  
tension,  m t h e  l i q u i d  d e n s i t y  and R t h e  gas cons t an t  of t h e  

0 

-_ 
P 

the  vapor 

CJ t h e  s u r f a c e  
vapor.  Because 

p00 

of t h i s  e l e v a t i o n  i n  vapor pressure ,  any w a t e r  d rop le t ,  un le s s  extremely 
l a rge ,  w i l l  evaporate  i n  a i r  of 100 percent  humidity, ( r e f .  20) .  However, 
except  f o r  extremely s m a l l  d rop le t s ,  t h e  e f f e c t  i s  s m a l l .  

Correc t ions  t o  Maxwell's formula must be made i f  t h e  concen t r a t ion  of t he  
evapora t ing  vapor i s  n o t  s m a l l  compared t o  t h e  concen t r a t ion  of t h e  surround- 
i n g  medium, (ref .  21) .  Fuchs ( r e f .  2 2 )  has shown t h a t  t h e  evaporat ion r a t e  
when al lowing f o r  t h i s  so-ca l led  "Stefan flow" should be expressed as 

Po + P o 2  ) 
2P 

r h = L  ( 1 +  
0 

where rh 
of t h e  medium, p and p are the  p a r t i a l  vapor p re s su res  i n  equi l ibr ium w i t h  

t h e  d r o p l e t  s u r f a c e  and a t  l a r g e  d is tance  from the  drop, r e spec t ive ly .  
e r a l l y ,  t h i s  c o r r e c t i o n  i s  small  wi th in  the  range of condi t ions  f o r  which 
Maxwell 's equa t ion  holds .  

i s  the  evapora t ion  r a t e  according t o  Maxwell, P t h e  t o t a l  p r e s s u r e  
0 

0 W 
Gen- 

Evaporation with Arbitrary ;/Ir . "2- w -- the drop r ad ius  i s  of the sane 
P 

o r d e r  as t h e  mean f r e e  pa th  of t he  vapor, t he  s imple d i f f u s i o n  theory given i n  
the preceding  s e c t i o n  breaks down. Analogous t o  the  f a m i l i a r  v i scous  s l i p  and 

38 



temperature  jump a r i s i n g  a t  the  i n t e r f a c e  between two phases, Langmuir ( r e f .  
26 )  po in ted  ou t  t he  ex i s t ence  of a rap id  change i n  vapor concen t r a t ion  a t  t he  
s u r f a c e  of an evaporat ing drop. Maxwell's equat ion assumes t h a t  the  macros- 
copic  d i f f u s i o n  equat ion  may be appl ied r i g h t  up t o  t h e  s u r f a c e  of t h e  drop 
which i s  surrounded by s a t u r a t e d  vapor, an assumption which does not  hold i f  
1 = r . Fuchs ( r e f .  27) der ived  an equat ion c o r r e c t i n g  Maxwell's formula f o r  

t he  abrupt  change of concent ra t ion  of a drop of any rad ius .  The co r rec t ions  
were obta ined  by assuming t h a t  t he  r a t e  of removal of vapor  by d i f f u s i o n  a s  
given by Maxwell's formula can be appl ied  only a t  d i s t a n c e s  A, of  t h e  order  
of 1 ,  from t h e  s u r f a c e  of t h e  drop, while  i n  t h e  reg ion  between t h e  drop 
s u r f a c e  and A, the  t r a n s f e r  of vapor molecules occurs  a s  i n  a vacuum. I n  
t h i s  l a t t e r  region,  t he  n e t  ra te  of evaporat ion i s  given by 

P 

r;l = 4m *va(co-c,) 
P 

where c 

f o u r t h  of t he  mean speed of a vapor molecule and a i s  the  evaporat ion c o e f f i -  
c i e n t ,  assumed equal  t o  t h e  previously def ined  condensation c o e f f i c i e n t .  
Equating t h i s  r a t e  t o  Maxwell's r a t e  a t  a d i s t a n c e  A from t h e  drop 

i s  the  vapor concent ra t ion  a t  a d i s t a n c e  A from t h e  drop, v i s  one- 1 

m 

and e l imina t ing  the  concent ra t ion  c t h e r e  1' 

m 
0 - - 

r L 

D + ( F A ) ]  P 

P P 

which tends t o  Maxwell's formula ( 1 B )  i f  r 

4 m  vaco, 

Wright, ( r e f .  28) .  

P 
f r i s  s m a l l .  E x p l i c i t  express  2 

P 

r e s u l t s  

i s  l a r g e  and t o  the  vacuum r a t e ,  

ons f o r ,  I a r e  d scussed by 

Evaporat ion wi th  Heat Transfer .  Under condi t ions  of s t eady  evaporat ion,  
t he  q u a n t i t y  of h e a t  t r a n s f e r r e d  t o  t h e  drop must equal  t he  amount needed t o  
supply  t h e  l a t e n t  h e a t  of vapor iza t ion  consumed i n  the  evaporat ion,  i . e .  

h = &  (7B  1 
where 6 i s  the  h e a t  ra te  t o  the  drop and L t h e  l a t e n t  h e a t  of vapor i za t ion  of  
t h e  l i q u i d .  
d rop  must be l e s s  than t h e  gas surrounding i t ;  t h i s  process  i s  u s u a l l y  re- 
f e r r e d  t o  a s  t he  se l f - coo l ing  of the evaporat ing drop. Neglect ing h e a t  
transfer by r a d i a t i o n  and com~ectFnn and assuming the  thermal conduct iv i ty  
of t h e  medium t o  be cons tan t ,  t h e  hea t  t r a n s f e r r e d  t o  the  drop i s  given by 

A s  a consequence of t h i s  h e a t  t r a n s f e r ,  t he  temperature  of t h e  

Q = 4xr h(Tm - To)  
P 
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t he  temperature  of t h e  gaseous medium Too where X is  t h e  thermal conduct iv i ty ,  

a t  l a r g e  d i s t a n c e  from the  drop and T t h e  d r o p l e t  temperature. Using equa- 0 
t i o n s  ( l B ) ,  ( 7 B )  and ( 8 B ) ,  Fuchs ( r e f .  22) obta ined  t h e  express ion  

LD '0 
T 00 - T  0 = -  RX ( - -  To F) 

00 

where p = f (To)  i s  a func t ion  of the  drop temperature  alone, which enables  

. Mason ( r e f .  2 9 )  one t o  c a l c u l a t e  T 0 0 

appl ied  the  approximate form of t h e  Clapeyron-Clausius equat ion ( v a l i d  pro- 
vided T i s  s m a l l )  t o  account f o r  t h e  e f f e c t  on the  vapor p re s su re  of 

t h e  s e l f - c o o l i n g  of t he  drop, and obtained an express ion  g iv ing  t h e  evapora- 
t i o n  r a t e  i n  terms of the  r ad ius  of the drop and the  l i q u i d  vapor p re s su re  
eva lua ted  a t  t he  temperature of t h e  surrounding medium. 
a p p l i c a b l e  whenever 1 = r and must be  co r rec t ed  f o r  t h e  temperature change 

a t  t h e  d r o p l e t  sur face ,  analogous t o  the  concen t r a t ion  change. Wright ( r e f .  
21), i n  a paper intended t o  account f o r  t he  e f f e c t  of hea t  t r a n s f e r  on t h e  
evapora t ion  r a t e  of a r b i t r a r i l y  s m a l l  d r o p l e t s ,  followed the  evaporat ion model 
of Fuchs ( r e f .  27 )  and introduced a thermal analogue, %, t o  t he  A of Fuchs. 

He considered evaporat ion i n t o  a l a rge  excess  of gas; thus,  p r a c t i c a l l y  a l l  of 
t h e  t r a n s p o r t  of h e a t  t o  the  drop was due t o  the  molecules of t h e  surrounding 
gas. An e x p l i c i t  express ion  f o r  + was given. 

of a supe r sa tu ra t ed  vapor on a drop i n  both r a r e f i e d  and continuum environ- 
ments, Kang ( r e f .  5 0 )  employed a somewhat s imi la r  energy balance model as 
Wright, bu t  allowed f o r  t h e  t r anspor t  of h e a t  t o  t h e  drop by the  impinging 
vapor molecules.  

0 

00' Too ( o r  p ) f o r  given condi t ions  p 

- T 
00 0 

Equation ( 8 B )  i s  not  

P 

Considering the  condensat ion 

Spray Evaporation Expressions 

Expressions f o r  t he  spray  evaporat ion i n t o  t h e  environment presented  by 
The bas i c  p l an  of a t t a c k  t h e  shock l a y e r  w i l l  be developed i n  t h i s  s ec t ion .  

w i l l  b e  t o  fol low as  c l o s e l y  as poss ib l e  the  prev ious ly  mentioned d e r i v a t i o n s  
f o r  t h e  m a s s  and h e a t  t r a n s f e r  f o r  drops of a r b i t r a r y  r ad ius  wh i l e  r e l a x i n g  
t h e  assumption of uniform temperatures o r  s m a l l  g r ad ien t s  whenever poss ib l e .  

Following t h e  reasoning of Fuchs ( r e f .  27) f o r  d rop le t s  of a r b i t r a r y  
r a d i u s ,  t h e  n e t  evaporat ion r a t e  i n  t h e  reg ion  r < r < r + A  can be ex- 
p re s sed  as P -  - P 

where c i s  t h e  concent ra t ion  and T is t h e  temperature of t h e  vapor,  w i t h  the  
s u b s c r i p t s  0 and A r e f e r r i n g  t o  the  drop s u r f a c e  and d i s t a n c e  A ( t h e  A of 
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of Fuchs)  from the  drop, respec t ive ly .  Here, R i s  the  gas cons t an t  of t he  
vapor and the  o t h e r  symbols have t h e i r  u sua l  meanings. 
above ra te  t o  t h e  ra te  of removal of vapor by d i f f u s i o n  a t  t h e  d i s t a n c e  A. 
According t o  Wright ( r e f .  21), t he  concent ra t ion  g rad ien t  must be expressed 
i n  terms of t he  mole f r a c t i o n  i f  t h e  temperature i s  n o t  uniform; the re fo re ,  
from Penner ( r e f .  3 l ) ,  w e  have f o r  a s p h e r i c a l l y  symmetric system 

We wish t o  equate  t h e  

2 d l n  M 

dr M 
i = -4nr CD - (1 x) 

where M, fi and X a r e  t h e  vapor molecular weight,  mix ture  molecular  weight and 
vapor mole f r a c t i o n ,  r e spec t ive ly .  
Since c / c  = MX/R, where E i s  t h e  mixture  concent ra t ion ,  w e  have 

The r a d i a l  coord ina te  i s  denoted by r. 

2- d A = -4nr CD dr (MX/R) . 
Assuming ED cons t an t  and i n t e g r a t i n g  g ives  

R l i l  
X ( r )  - ~ ( m  ) = (E) - 

4nrCD 
. 

Applying the  above express ion  a t  r + A  gives 
P 

where t h e  s u b s c r i p t  A denotes values  eva lua ted  a t  r + A .  Equating equat ions  
( l O B ) ,  ( 1 4 B )  and e l imina t ing  cA gives P 

4nr D [ C ~  - ( 
P 

m =  

P O  P 

where v 

t u re .  
have 

i s  one-fourth t h e  mean speed of a vapor molecule a t  t h e  drop tempera- 
0 

Using the  e x p l i c i t  expression f o r  A suggested by Wright ( r e f .  2 8 ) ,  w e  

so t h a t  
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I n  o rde r  t o  use  the  above expression,  va lues  f o r  T are  requi red .  Information 

concerning T 

s u r f  ace. 

0 
can be obtained by making an energy balance on t h e  d r o p l e t  

0 

The energy balance developed below fol lows c l o s e l y  t h a t  given by Wright 
( r e f .  28). 
g r e a t e r  than the  evapora t ing  vapor, the h e a t  t r a n s f e r r e d  t o  t h e  drop w i l l  be  
mainly due t o  the  gas.  
t h e  drop a r e  assumed t o  have a mean energy given by 

Assuming the  concent ra t ion  o f  t h e  surrounding gas t o  be much 

Molecules emerging from the  gas a t  a d i s t a n c e  + from 

where k i s  t h e  Boltzman constant ,  j is  t h e  number of degrees  of freedom and 
i s  the  temperature a t  r + +. P 

The mean energy t r a n s f e r r e d  by a molecule 

i n c i d e n t  on a l i q u i d  drop of temperature T can be expressed i n  terms of the  
0 

thermal accommodation c o e f f i c i e n t  3 f o r  t r a n s l a t i o n a l  energy; t h e r e  r e s u l t s  

To o b t a i n  t h e  t o t a l  energy t ransfer red ,  t he  above energy pe r  molecule i s  
m u l t i p l i e d  by t h e  r a t e  a t  which molecules s t r i k e  the  s u r f a c e  s o  t h a t  t h e  r a t e  
of supply of h e a t  can be w r i t t e n  as 

P A  

S ince  t h e  h e a t  t r a n s f e r  ra te  by conduction a t  r -k + i s  given by 
P 

Q = 4n( r  P '4.) x ( T ~  - T+) 

and s i n c e  the  rates expressed by (20B) and (21B) a r e  equai,  one can solve 
f o r  
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- X ( r p  + 4 , ) ( T w - T 0  1 

2 p4r ‘+1 - (+) + h ( r  + %)I 

- 

r%rp ’+ T+ P 

Under condi t ions  of  s t eady  evaporation 

Q = mL 

which can be combined w i t h  (20B) and (22B) r e s u l t i n g  i n  

4a X (Too - T o )  
P 

2XT. mL = 

From Wright ( r e f .  21) ,  w e  take  

-- 

Thus, 

4 , ~  x ( T ~ - T ~ )  
A - P mL = 

r- 2 ” T  -+-i P 
r +% J 

L%r rp ‘ P 

Equations ( l 7 B )  and ( 2 6 ~ )  can be 
drop s u r f a c e  as 

used t o  express  the  concen t r a t ion  a t  t he  

, w e  have Taking c = - POMP 

O 

c =  
0 r 

2 %  P [ - - ,+( - , I  
% P  P ++ D L r 1 - G  F l c  c 

FIA cw 0 

43 



- X”oTo 
Po -Em- 

P 

Since p 

temperature  provided a l l  terms on the  r i g h t  hand s i d e  are known. Values of 
t h e  p r o p e r t i e s  a t  r + A  and r + + a r e  unknown. For s impl i c i ty ,  t h e  va lues  

a t  r + A  a r e  taken a s  those  corresponding t o  the  d r o p l e t  sur face ,  and the  

va lues  a t  r 

t i on ,  w e  t ake  c 

ance w a s  made f o r  evaporat ion i n t o  a l a r g e  excess of gas. Using these  assump- 
t i ons ,  t h e  f i n a l  expressions f o r  t h e  evaporat ion r a t e  and t h e  s a t u r a t i o n  pres-  
s u r e  a t  t h e  d r o p l e t  temperature become 

= f ( T  ) t he  above express ion  can  be used t o  s o l v e  f o r  t h e  d r o p l e t  
0 0 

P P 

P 
+ + those  of the  gas a t  l a r g e  d i s t a n c e  from the  drop. I n  addi- 

P 
= 0 s i n c e  t h e  spray is considered d i l u t e  and the  h e a t  ba l -  

00 

4nr ~p M 
P O P  
2 A  R T  [ - - + -  0 0  a r  r + A  

m =  r 

P P  

and 

r 

P P 

2 n  P [a r + -1 r +A 

Combining equat ions (29B) and ( 3 O B )  and normalizing the  r e s u l t  according 
t o  t h e  d e f i n i t i o n s  given i n  Appendix E, t h e  fol lowing dimensionless  express ion  

f o r  R’  2 = m 

P P  

d r  

d t  i s  obtained: 2 4m r 

x 
P 

R ’ = - -  
Y 

where 
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. 
I 

The dimensionless form of (30B) is 

r 
2 A  P [a r + -1 r +A 

P D 

[-r+P- 2 4 * r  
r ++I 

0 ” T P  P 

(33B 1 

In  t h i s  work, i t  i s  assumed t h a t  0I-r = 1 and a = .05 which approximates t h e  

va lue  a = .034 given by Fuchs ( r e f .  2 2 )  f o r  pure water .  
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APPENDIX C 
SPRAY DRAG 

Forces Acting on the  Spray 

~ 

F rep resen t ing  the  fo rcz  pe r  u n i t  mass exer ted  on a drop by the  surrounding 
gas.  Cont r ibu t ions  t o  F may inc lude  ( r e f .  9): 
t i o n  drag, ( b )  body fo rces  such as gravi ty ,  ( c )  d r o p l e t  r o t a t i o n ,  ( d )  p re s su re  
g rad ien t s  i n  t h e  gas. 
w i l l  be  t h e  only e f f e c t  considered i n  t h i s  work. 

The equat ions de r ived  i n  Appendix A are expressed i n  terms of a q u a n t i t y  

( a )  s k i n  f r i c t i o n  and separa-  

However, e f f e c t  ( a )  i s  u s u a l l y  l a r g e s t  f o r  sprays  and 

I n  terms of a drag  c o e f f i c i e n t  C 

drop of r ad ius  r may be expressed as 

t h e  express ion  f o r  f o r  a s p h e r i c a l  D' 

P 

thus,  ( 1 C )  becomes, i n  dimensionless form 

a 
3pgcD (f - p 7  ) 1% -p$ I . F=8r g 2 p  g 2 p  

P 

Drople t  Drag C o e f f i c i e n t  

Sphere d rag  c o e f f i c i e n t s  as a func t ion  of  Reynolds number are usua l ly  
taken from t h e  so -ca l l ed  "s tandard drag curve," which is app l i cab le  t o  t h e  
uniform motion of a s i n g l e  s o l i d  sphere i n  an i n f i n i t e l y  extended, s t i l l ,  
i so thermal ,  incompressible  f l u i d .  However, t h e  environment of t h e  spray  i s  
q u i t e  d i f f e r e n t  from t h e  condi t ions  upon which the  s tandard  drag  curve i s  
based. The spray  is  being acce lera ted  by a medium which i s  i t s e l f  a c c e l e r a t -  
ing,  g iv ing  r ise t o  unsteady drag. Increased  turbulence  i n t e n s i t y  due t o  t h e  
d i s t u r b i n g  e f f e c t  of t h e  d r o p l e t s ,  d r o p l e t  r o t a t i o n  and changes i n  the v a r i a -  
t i o n  o f  t he  gas v i s c o s i t y  near  t h e  drops because of t h e  h e a t  and mass t r a n s f e r s  
can a l s o  a f f e c t  t h e  drag. Rarefact ion e f f e c t s  must a l s o  be considered.  

As shown i n  Appendix B, t he  drops a r e  expected t o  be i n  e i t h e r  t h e  t r a n s i -  
t i o n  o r  free-molecule regime. Figure 13 rep resen t s  a p l o t  of sphere  drag  
c o e f f i c i e n t  d a t a  f o r  both t r a n s i t i o n  and continuum supersonic  flows, ( r e f s .  
32-36). The s o l i d  l i n e  i s  t h e  curve f i t  

(x 1 Re 4 , 1 < - - < 1 0  .0867 
CD - 2(Re /M)-  M 

This c o a r s e  approximation i s  more than s a t i s f a c t o r y  i n  v i e w  of t h e  f a c t  t h a t  
t h e  cond i t ions  under which t h e  da t a  were obta ined  were n o t  t y p i c a l  of t h e  
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a c t u a l  environment of t h e  spray drops. 
c o e f f i c i e n t  i s  taken as t h a t  f o r  d i f f u s e  r e f l e c t i o n  ( r e f .  19) 

I n  t h e  f r e e  molecule regime, t he  drag  

4s4 + 4s2 - 1 e r f ( S )  + - 2 K  
- s2/2 

TtS 3 2s4 3sw 
(1 + 2S2) + e - 

‘D - 

. L A  Iv -v I 
& A  Iv -v I 

a r e  t h e  speed r a t i o s  f o r  t h e  undis turbed gas and f o r  r e f l e c t e d  a i r  molecules 
a t  t he  drop temperature,  respec t ive ly .  Here e r f ( s )  i s  t h e  e r r o r  funct ion.  
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APPENDIX D 
THERMODYNAMIC AND TRANSPORT PROPERTIES 

In t roduc t ion  

The gaseous medium a c t i n g  upon t h e  spray  i s  a mixture  of ion ized  a i r  and 
water vapor. However, t h e  water  vapor conten t  of t h e  mixture  r e l a t i v e  t o  t h e  
a i r  i s  assumed smal l  enough so  t h a t  its e f f e c t  may be neglec ted  when c a l c u l a t -  
i ng  the  thermodynamic and t r a n s p o r t  p rope r t i e s  of t h e  gas.  
i o n i c  spec ie s  of t h e  a i r  a r e  neglected when making these  ca l cu la t ions .  Hence, 
t h e  thermodynamic and t r a n s p o r t  property va lues  are d e s i r e d  f o r  a h igh  tempera- 

0.  

In  addi t ion ,  t he  

t u r e  d i s s o c i a t e d  a i r  mixture  cons i s t ing  of t he  f i v e  species N 2,  02, No, N and 

Thermodynamic P r o p e r t i e s  

Gas S p e c i f i c  Heat and Enthalpy. Using t h e  usua l  mix ture  r u l e s ,  t h e  f rozen  
s p e c i f i c  h e a t  a t  cons tan t  p re s su re  i s  

and f o r  t h e  mixture  molar enthalpy 

N 

where X. are  t h e  spec ie s  mole f r ac t ions  and N i s  t h e  t o t a l  number of spec ies .  

Values f o r  t he  s p e c i f i c  hea t s  and en tha lp i e s  of t h e  va r ious  spec ie s  were ob- 
t a ined  from a l ea s t - squa res  curve f i t  of t h e  d a t a  given by Wilkins ( r e f .  37). 
The curve f i t  w a s  made over t h e  range ( 2 0 0 ° K  < T A t  temperatures 

above 6000'~ t h e  s p e c i f i c  h e a t s  were taken as cons t an t  a t  t h e i r  va lue  a t  
6000O~,  and t h e  en tha lp i e s  w e r e  ca l cu la t ed  from t h e  r e s u l t i n g  l i n e a r  expres- 
s ions .  Values f o r  t he  hea t s  of formation w e r e  taken from Wilkins. 

1 

< 6 0 0 0 0 ~ ) .  
g 

Droplet  Enthalpy. For t h e  d rop le t  enthalpy,  we have 

T 
P 

h = 1 CsdT + h 
P TO pfO 

where C i s  t h e  l i q u i d  s p e c i f i c  heat, T t h e  d r o p l e t  temperature,  T a rezereixe 

temperature  and h the  d r o p l e t  heat of formation a t  t h e  temperature T 
S P 0 

0' 
pfO 
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Assuming C t o  be cons tan t  and tak ing  T = OOK, t h e r e  r e s u l t s  S 0 

h = C T  + h  
P s P P f o  

Droplet  La ten t  Heat of Vaporization. The temperature  dependence of t h e  
l a t e n t  h e a t  of vapor i za t ion  of t he  l i q u i d  drops, L, w a s  ob ta ined  by a l i n e a r  
curve f i t  of t he  d a t a  given by Smithsonian Meterological  Tables ( r e f .  2 5 ) .  

Transpor t  P r o p e r t i e s  

Assumptions. Ca lcu la t ions  f o r  the  t r a n s p o r t  p r o p e r t i e s  a re  very  compli- 
ca t ed  f o r  mixtures  wi th  as many a s  f i v e  components. According t o  Yun and 
Mason ( r e f .  38) t r a n s p o r t  p r o p e r t i e s  of d i s s o c i a t e d  a i r  c a l c u l a t e d  us ing  t h e  
"atom-molecule" b inary  approximation a r e  u n l i k e l y  t o  be i n  e r r o r  by as  much 
as 5 percen t  when us ing  t h e  c o r r e c t  spec ies  concentrat ion.  Since more accu- 
r a t e  t r a n s p o r t  c a l c u l a t i o n s  are n o t  requi red  i n  t h i s  work, t h i s  so-ca l led  

and NO are  lumped toge the r  as molecules, and 0 and N a s  atoms. 
c o l l i s i o n  i n t e g r a l s  are obta ined  by cons ider ing  only t h r e e  i n t e r a c t i o n s ,  atom- 
atom, atom-molecule and molecule-molecule, which are  taken t o  be t h e  same as 
t h e  corresponding n i t r o g e n  i n t e r a c t i o n s .  

b ina ry  model f o r  t h e  a i r  mixture  w i l l  be  used. I n  t h i s  approximation, N2, O2 

The necessary 

__- Transport  p r o p e r t i e s  d e s i r e d  a r e  the  v i s c o s i t y ,  thermal conduc t iv i ty  and - 
t he  d i f f u s i o n  c o e f f i c i e n t .  Expressions f o r  t h e  mixture  v i s c o s i t y  and thermal 
conduc t iv i ty  a r e  taken from Brokaw ( r e f .  39). They r ep resen t  approximations 
t o  t h e  more complex express ions  based on r igorous  k i n e t i c  theory.  The d i f f u -  
s i o n  c o e f f i c i e n t  i s  ca l cu la t ed  using L e  = 1. 

Viscos i ty .  For a gas mixture  of N components, t h e  v i s c o s i t y  i s  approxi- 
mated by 

I 

N X = c  
i=l j 

'mix 
+ J=1 .' ' ij 

I 

N X = c  
i=l j 1 + c 0:: y 

'mix 

where p a r e  t h e  v i s c o s i t i e s  of  t h e  component gases  and X i s  the  mole f r a c -  

t i o n  f o r  spec ie s  i. For the c o e f f i c i e n t s  @ w e  have 
i i 

i j '  

c1 + 

'i j 
2 

(6D) 
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where M.  i s  the  molecular weight of spec ies  i. The v i s c o s i t i e s  of t h e  pure 

component gases are  given by 
1 

6 1m 
= 26.693. io- p i  

where p. has u n i t s  of (g/cm sec) and t h e  < R i  -(2~2) > r ep resen t  c o l l i s i o n  i n t e -  

g r a l s  such as those  t abu la t ed  by Yun and Mason. 
i 

Thermal Conduct ivi ty ,  The thermal conduc t iv i ty  of a mixture  of poly- 
atomic gases  may be w r i t t e n  a s  

1 = h' + hliX mix mix 

where h' is  the  monatomic thermal conduct iv i ty  of the  mixture  and 1" i s  

the  mixture  c o n t r i b u t i o n  t o  t h e  thermal conduct iv i ty  by d i f f u s i o n a l  t r a n s p o r t  
of i n t e r n a l  energy. 

mix mix 

The monatomic mixture  conduct iv i ty  can be approximated by 

h' 
i 

N X 

N 
1' = c 

i=l mix 
1 + c q  i j  Xi j =l 

j #i 

where t h e  h! are the  monatomic thermal c o n d u c t i v i t i e s  of t he  pure  component 

gases ,  given by 
1 

For t h e  J'ij, w e  have 

(M.-M.) (Mi-. 142M.) 

(Mi + M . )  
J l  - 1 1  q i j  - O i j  [l + 2.41 2 

J 



a r e  a s  prev ious ly  given by ( 6 0 ) .  The express ion  used f o r  h" i s  
and the ' i j  mix 

N X!' 
A" = c 1 

mix N X i =1 

i=l 
j #I 

where t h e  A'.' a r e  t h e  i n t e r n a l  thermal c o n d u c t i v i t i e s  of t h e  pure component 

gases,  given approximately by 
1 

Dif fus ion  Coef f i c i en t .  The Lewis number i s  def ined  a s  

L e = h p D C  . 
d g  Pg 

Taking Le = 1, t h e  d i f f u s i o n  c o e f f i c i e n t  can be c a l c u l a t e d  us ing  t h e  prev ious ly  
g iven  r e s u l t s  f o r  C and h . 

Pg g 



APPENDIX E 
SYMBOLS 

Symbols 

cD 

cS  

C 
P 

C 

D 

DN 
d 

F 

f 

G 

f3 

H 

h 
pfO 

I 

K 

k 
L 

L e  

P 
M 

m 
P 

m 

N 

N2 
NO 

n 

0 

O 2  
P 

PO 

drag  c o e f f i c i e n t  

s p e c i f i c  h e a t  a t  cons t an t  pressure  

l i q u i d  s p e c i f i c  h e a t  

vapor dens i ty  

d i f f u s i o n  c o e f f i c i e n t  

v e h i c l e  nose diameter  

drop l e t  diameter  

drag  f o r c e  pe r  u n i t  mass 

f l u x  d i s t r i b u t i o n  func t ion  o r  spray  d i s t r i b u t i o n  func t ion  

f l u x  term 

s i z e  d i s t r i b u t i o n  func t ion  

t o t a l  en tha lpy  of gas 

h e a t  of formation of l i q u i d  

f l u x  term 

source  term 

Boltzman cons t an t  

h e a t  of vapor i za t ion  

Lewis number 

mean f r e e  pa th  

molecular  weight  o r  Mach number 

m a t e r i a l  d e n s i t y  of l i qu id  

evapora t ion  ra te  o r  i n j ec t ed  l i q u i d  mass flow r a t e  

atomic n i t r o g e n  

diatomic n i t r o g e n  

n i t r o g e n  oxide 

coord ina te  normal t o  body 

atomic oxygen 

diatomic oxygen 

p r e s  s u r e  

s a t u r a t i o n  vapor pressure  



Q 
i2 
cl 
R 

Re  

R '  

r 

r 

S 
P 

S 

T 

t 

U 

v 
V 

We 

W 

X 

a 

aT 
B 
r 
Y 
n 

% 
6 

E 

0 

A 
g 

spray  nuc lea t ion  and breakup 

h e a t  t r a n s f e r  ra te  

i n t e g r a l  of f l ux  d i s t r i b u t i o n  

body r ad ius  of curva ture  

Reynolds number 

t i m e  r a t e  of change of d rop le t  r ad ius  

r ad ius  of axisymmetric body o r  r a d i a l  coord ina te  

drop l e t  r ad ius  

speed r a t i o  

coord ina te  a long body 

temp era t u r  e 

t i m e  

component of gas v e l o c i t y  

v e l o c i t y  

component of spray  v e l o c i t y  

Weber number 

n/E 
mole f r a c t i o n  

Car tes ian  coord ina tes  

compress ib i l i t y  f ac to r ,  M 
''g gco 

n/6 

evaporat ion c o e f f i c i e n t  

thermal accommodation c o e f f i c i e n t  

dimensionless parameter 

drop c o l l i s i o n s  

r a t i o  of s p e c i f i c  hea t s  

concen t r a t ion  jump d i s t ance  o r  i n j e c t i o n  length  

temperature jump d i s t a n c e  

shock l a y e r  th ickness  

Dirac d e l t a  func t ion  

p e n e t r a t i o n  d i s t a n c e  

l o c a l  body angle  

gas thermal conduc t iv i ty  
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gas v i s c o s i t y  

shock angle  
I-lg 
V 

5 dependent v a r i a b l e  of i n t e g r a l  method d i f f e r e n t i a l  equat ions 

P d e n s i t y  

CT d r o p l e t  s u r f a c e  tens ion  

@ i n j e c t i o n  angle  

X evaporat ion f a c t o r  

R c o l l i s i o n  i n t e g r a l  

P 

Subsc r ip t s  

g 

I 

i n  j 

N 

n 

P 

S 

6 

E 

0 

00 

gas 
i n j e c t i o n  

spray  i n j e c t i o n  va lue  

no i n j e c t i o n  

v e l o c i t y  component normal to  body 

spray  

v e l o c i t y  component a long  body 

shock 

i n t e r f a c e  

body 

f r e e  stream 

Supers c r i p  ts 

- dimensional quan t i ty  o r  average va lue  

denotes  d e r i v a t i v e  f 

Normalizing Fac to r s  

Except f o r  the q u a n t i t i e s  l i s t e d  below, a l l  gas p r o p e r t i e s  were normalized 
us ing  t h e i r  corresponding f r e e  stream va lues  and a l l  spray  p r o p e r t i e s  were 
normalized us ing  t h e i r  corresponding i n i t i a l  i n j e c t i o n  va lues .  The coordi-  
n a t e s  and geometr ical  q u a n t i t i e s  were normalized us ing  the  body nose diameter,  

=N' 
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The following normalizing f ac to r s  w e r e  used: 

Var i ab le  Normalizing Fac to r  

D 

F 

L 

P O  

R '  

T 
P 

a 

h 
g 

I*gmlmprp-inj 

T p-ref = 2 3 3 O K  

r p - i n j  

r p - i n j  
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